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The commutative quotient structure of
m-idempotent hyperrings

Azam Adineh Zadeh, Morteza Norouzi, and Irina Cristea

Abstract

The α∗-relation is a fundamental relation on hyperrings, being the
smallest strongly regular relation on hyperrings such that the quotient
structure R/α∗ is a commutative ring. In this paper we introduce on
hyperrings the relation ξ∗m, which is smaller than α∗, and show that,
on a particular class of m-idempotent hyperrings R, it is the smallest
strongly regular relation such that the quotient ring R/ξ∗m is commuta-
tive. Some properties of this new relation and its differences from the
α∗-relation are illustrated and discussed. Finally, we show that ξ∗m is
a new representation for α∗ on this particular class of m-idempotent
hyperrings.

1 Introduction

Regular equivalences play a fundamental role in algebra. They can be defined,
for example, on graphs, classical structures (as groups or rings), or hyperstruc-
tures (hypergroups, hyperrings, hypermodules). Using the terminology in [7],
two elements are regularly equivalent if they are equally related to equivalent
other elements from the support set. In Group theory these relations are called
congruences and defined as equivalences that are compatible with the group
operation. Given a congruence on a group, the set of the equivalence classes
determined by the congruence forms a group structure, i.e. a quotient group.
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On the other hand, since in a hypergroup the result of the interaction (i.e.
the result of the hyperproduct) between two elements is a set, it has sense
to speak about regular and strongly regular equivalences. More exactly, an
equivalence relation ρ on a hypergroup (H, ◦) is called regular, if aρb and cρd
implies that, for any x ∈ a ◦ c, there exists y ∈ b ◦ d such that xρy, and for
any u ∈ b ◦ d there exists v ∈ a ◦ c such that uρv. Besides, ρ is called strongly
regular if, for all x ∈ a◦c and for all y ∈ b◦d, we have xρy. It is well known the
property saying that the quotient of a hypergroup modulo a regular (strongly
regular) equivalence is a hypergroup (group). Extending these definitions to
hyperrings, we say that an equivalence is (strongly) regular on a hyperring if
it is (strongly) regular with respect both addition and multiplication hyperop-
erations. The smallest (with respect to inclusion) strongly regular relations,
having a certain property, defined on a hyperstructure are called fundamental
relations, because they are as a bridge, as a fundamental tool, between the
hyperstructures (on which they are defined) and the related classical struc-
tures (with the same behaviour, i.e. they connect hypergroups with groups,
hyperrings with rings and so on). On hypergroups, Koskas [17] defined the
β-relation such that the associated quotient structure is a group. Another
fundamental relation on hypergroups is the γ-relation defined by Freni [13]
such that the quotient is a commutative group.

Obviously, since on a hyperring two (hyper)operations are defined, there
are several fundamental relations that can be considered. The first one, the
γ-relation (it is denoted in the same way as Freni’s relation on hypergroups,
but it has a different form) was introduced by Vougiouklis [21] on general
hyperrings (where both the addition and multiplications are hyperoperations)
such that the related quotient structure is a ring. Besides, a commutative ring
can be obtained as a quotient structure of a hyperring modulo the α∗-relation
[12]. Clearly, when we want to link hyperstructures with structures by this
method of factorization via a strongly regular relation, we need to consider
particular structures, as nilpotent groups [1], engel groups [2], solvable groups
[15], Boolean rings [10], commutative rings with identity [3], commutative
modules [5].

Norouzi and Cristea [19] have recently started the study of a new relation
defined on general hyperrings, denoted by εm, which is a relation smaller than
the γ-relation, and which is not transitive in general. They have proved that
the transitive closure ε∗m is a fundamental relation on a particular subclass of
m-idempotent hyperrings [20]. Moreover, on this type of m-idempotent hy-
perrings, the relations ε∗m and γ∗ are equal. Motivated by all these aspects,
in this note we introduce and study the relation ξm on general hyperrings and
prove that its transitive closure ξ∗m is a strongly regular relation on hyperrings
satisfying a certain property, while in general the related quotient ring is not
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commutative. It is commutative only if we define ξ∗m on m-idempotent hy-
perrings. Moreover, relations between all these regular equivalences εm, γ, α,
ξm defined on hyperrings are investigated, concluding that there is a subclass
of weak commutative m-idempotent hyperrrings where all these equivalences
coincide.

2 Preliminaries

In this section, we fix the notation and give some basic definitions and re-
sults concerning hyperrings and strongly regular relations, which will be used
throughout the paper. For more details about hyperstructures theory, spe-
cially hyperrings, we refer the readers to [8, 11, 21, 22] and their references.

Let H be a nonempty subset and set “◦” : H×H −→ P∗(H) where P∗(H)
is the set of all nonempty subsets of H. Then the mapping “ ◦ ” is called a
hyperoperation on H and (H, ◦) is said to be a hypergroupoid, where for x ∈ H
and A,B ∈ P∗(H), we have A ◦ B =

⋃
a∈A,b∈B a ◦ b and A ◦ x = A ◦ {x}. A

hypergroupoid (H, ◦) is called a semihypergroup if for all x, y, z of H, we have
(x ◦ y) ◦ z = x ◦ (y ◦ z). We say that a semihypergroup (H, ◦) is a hypergroup
if for all x ∈ H, x ◦H = H ◦ x = H.

A commutative hypergroup (H, ◦) is called canonical if (1) there exists
0 ∈ H, such that 0 ◦ x = {x}, for every x ∈ H; (2) for all x ∈ H there exists a
unique x−1 ∈ H, such that 0 ∈ x ◦ x−1; (3) x ∈ y ◦ z implies y ∈ x ◦ z−1.

Definition 2.1. [11] An algebraic system (R,+, ·) is said to be a
(1) (general) hyperring, if (R,+) is a hypergroup, (R, ·) is a semihypergroup,
and ” · ” is distributive with respect to ” + ”. (In this case, if (R,+) is a
semihypergroup, then (R,+, ·) is called a semihyperring.)
(2) Krasner hyperring ([18]), if (R,+) is a canonical hypergroup and (R, ·) is
a semigroup such that 0 is a zero element (called also absorbing element), i.e.
for all x ∈ R, we have x · 0 = 0.
(3) multiplicative hyperring, if (R,+) is a commutative group, (R, ·) is a semi-
hypergroup, and x · (−y) = (−x) · y = −(x · y), x · (y + z) ⊆ x · y + x · z and
(y + z) · x ⊆ y · x+ z · x, for all x, y, z ∈ R.

A hyperring (R,+, ·) is called additive (multiplication), if x · y (x+ y) is a
singleton, for all x, y ∈ R [22]. Moreover, a nonempty subset I of a hyperring
(R,+, ·) is a hyperideal, if x, y ∈ I implies x + y ⊆ I and for r ∈ R we have
r · x ∪ x · r ⊆ I.

An equivalence relation ρ on a hypergroup (H, ◦) is called regular, if aρb
and cρd, then (a ◦ c) ρ (b ◦ d) for a, b, c, d ∈ R, that is,

∀x ∈ a ◦ c, ∃y ∈ b ◦ d : xρy and ∀u ∈ b ◦ d, ∃v ∈ a ◦ c : uρv.
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Besides, ρ is called strongly regular if, for all x ∈ a ◦ c and for all y ∈ b ◦ d, we
have xρy, denoted by (a◦ c) ρ (b◦d). Now, let ρ be an equivalence relation on
the (semi)hypergroup (H, ◦) and consider the hyperoperation ρ(x) ⊗ ρ(y) =
{ρ(z) | z ∈ ρ(x)◦ρ(y)} on the quotient H/ρ = {ρ(x) | x ∈ H}. Then, by [11], ρ
is regular (strongly regular) on H if and only if (H/ρ,⊗) is a (semi)hypergroup
((semi)group).

Now briefly summarize the main properties of the regular relations on
a general hyperring. Let (R,+, ·) be a hyperring. We say that a relation
ρ is (strongly) regular on R, if it is (strongly) regular with respect to both
hyperoperations ” + ” and ” · ”.

Already in 1990, Vougiouklis ([21]) introduced a strongly regular relation
on (semi)hyperrings, denoted by γ∗, proving that it is a fundamental relation.
We recall here its definition. Let (R,+, ·) be a (semi)hyperring and x, y ∈ R.
Then

xγy ⇐⇒ ∃n ∈ N, ∃k1, . . . , kn ∈ N, ∃zi1, . . . , ziki ∈ R (i = 1, . . . , n) :

{x, y} ⊆
n∑
i=1

(

ki∏
j=1

zij),

in other words, two elements x, y are related if and only if there exists a
finite hyperaddition of finite hyperproducts of elements in R containing both
x and y. Let γ∗ be the transitive closure of γ, that is xγ∗y if and only if
∃z1, . . . , zn+1 ∈ R with z1 = x and zn+1 = y such that z1γz2γ . . . znγzn+1. It
was shown that γ∗ is the smallest strongly regular relation on hyperrings such
that the associated quotient (R/γ∗,⊕,�) is a classical ring, where γ∗(x) ⊕
γ∗(y) = γ∗(z), for all z ∈ γ∗(x) + γ∗(y) and γ∗(a) � γ∗(b) = γ∗(d), for all
d ∈ γ∗(a)·γ∗(b). Hence, (R/γ∗,⊕,�) is called the fundamental ring associated
with R obtained by the γ∗-relation. Moreover, consider the following binary
relations on (R,+, ·):

xβ·y ⇔ ∃z1, . . . , zn ∈ R : {x, y} ⊆
n∏
i=1

zi,

xβ+y ⇔ ∃d1, . . . , dn ∈ R : {x, y} ⊆
n∑
i=1

di.

According to [11], both β∗· and β∗+ are fundamental relations on (R,+, ·) with
respect to hypermultiplication and hyperaddition, respectively, and we have
β∗· ⊆ γ∗ and β∗+ ⊆ γ∗.

Notice that in the associated fundamental ring R/γ∗, the commutativity
as well as the existence of the unit element, is not allays verified, while in
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the classical rings theory the commutativity of the addition is assumed and
it is related with the existence of the unit element in the multiplication law
(see [11, page 245]). On the other side, in a hyperring (R,+, ·), generally, the
hyperaddition + is not commutative and there is no unit element with respect
to the hypermultiplication.

In order to overcome this difference and uniformize the property of the
fundamental ring R/γ∗ to the general theory of classical rings, Davvaz and
Vougiouklis [12] defined on hyperrings the strongly regular relation α∗ as fol-
low:
If R is a hyperring, we set α0 = {(x, x) | x ∈ R} and for every integer n ≥ 1,
the relation αn is defined as:

xαny ⇐⇒ ∃k1, . . . , kn ∈ N, ∃σ ∈ Sn and

∃zi1, . . . , ziki ∈ R, ∃σi ∈ Ski for 1 ≤ i ≤ n such that

x ∈
n∑
i=1

(

ki∏
j=1

zij) and y ∈
n∑
i=1

Aσ(i),

where Ai =

ki∏
j=1

ziσi(j). Now, put α =
⋃
n≥0

αn. Clearly, α is symmetric and

reflexive. The transitive closure of α-relation is denoted by α∗. It was shown
[11] that α∗ is the smallest strongly regular relation on a hyperring R such
that (R/α∗,⊕,�) is a commutative ring. Hence, (R/α∗,⊕,�) is called the
fundamental commutative ring obtained from the α∗-relation.

3 ξm-relation on hyperrings

Following the idea and the methodology initiated by Vougiouklis [21] for the
definition of the γ-relation and then used by Davvaz and Vougiouklis [12] for
the study of the relation α, in [19] the authors defined on (semi)hyperrings
a new relation, denoted by εm, smaller than the γ-relation, such that its
transitive closure on particular class of hyperrings is the smallest strongly
regular relation endowing the quotient set with a ring structure. We first
recall here its definition.

Let (R,+, ·) be a semihyperring and select a constant m, such that 2 ≤
m ∈ N. Consider {(x, x) | x ∈ R} ⊆ εm and for all a, b ∈ R define

aεmb⇐⇒ ∃n ∈ N,∃(z1, . . . , zn) ∈ Rn : {a, b} ⊆
n∑
i=1

zmi ,

where zmi = zi · zi · . . . · zi︸ ︷︷ ︸
m times

.



THE COMMUTATIVE QUOTIENT STRUCTURE OF m-IDEMPOTENT
HYPERRINGS 224

It was proved that εm ( γ and ε∗m ( γ∗. Moreover, if (R,+, ·) is a
hyperring such that (R, ·) is commutative satisfying the condition

B ⊆
n∑
i=1

Ami =⇒ ∃xi ∈ Ai (1 ≤ i ≤ n) : B ⊆
n∑
i=1

xmi , (1)

for all B,A1, . . . , An ⊆ R, then the relation ε∗m is the smallest strongly regular
equivalence on R such that the quotient set R/ε∗m is a ring (not necessary
commutative). Therefore ε∗m is a fundamental relation on such hyperrings.
Besides, the quotient ring R/ε∗m is not commutative in general.

Now it seems naturally to define a strongly regular relation, smaller than
α∗-relation, in order to obtain commutative fundamental rings and this is the
principal aim of this study. We define the relation ξ∗m on general (semi)hyperrings
as follow:

Consider a general (semi)hyperring (R,+, ·), select a constant m such that
2 ≤ m ∈ N and set {(x, x) | x ∈ R} ⊆ ξm, where we define on R:

(x, y) ∈ ξm ⇐⇒ ∃n ∈ N,∃z1, . . . , zn ∈ R,∃σ ∈ Sn : x ∈
n∑
i=1

zmi , y ∈
n∑
i=1

zmσ(i).

Clearly, ξm is reflexive and symmetric. Also, it is easy to see that ξm ⊆ α, but
in general these two relations are not equal, as one can see in the following
example.

Example 3.1. Define on R = {a, b, c, d, e, f, g} a hyperaddition by the follow-
ing Cayley table and define

+ a b c d e f g
a {a, b} {a, b} c d e f g
b {a, b} {a, b} c d e f g
c c c {a, b} f g d e
d d d g {a, b} f e c
e e e f g {a, b} c d
f f f e c e g {a, b}
g g g d e c {a, b} f

and a hypermultiplication by taking x · y = {a, b} for every x, y ∈ R. Then
(R,+, ·) is a hyperring ([4]). One finds that α(a) = {a, b, f, g} and α(c) =
{c, d, e}, while ξm(a) = {a, b} and ξm(x) = {x} for all x ∈ R \ {a, b}. Thus,
ξm 6= α (in particular ξm ( α). Moreover, since ξm = ξ∗m and α = α∗, it
follows that ξ∗m 6= α∗.

Next, we define a new subclass of hyperrings (R,+, ·), having commutative
the multiplicative part (R, ·) and satisfying the condition: for any nonempty
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subsets B,C,A1, . . . , An of R and a permutation σ ∈ Sn, if B ⊆
∑n
i=1A

m
i and

C ⊆
∑n
i=1A

m
σ(i), then there exist xi ∈ Ai, for 1 ≤ i ≤ n, such that

B ⊆
n∑
i=1

xmi and C ⊆
n∑
i=1

xmσ(i). (2)

Note that relation (2) is valid if and only if, for all A1, . . . , An ⊆ R, there
exist xi ∈ Ai, 1 ≤ i ≤ n, such that

∑n
i=1A

m
i ⊆

∑n
i=1 x

m
i and

∑n
i=1A

m
σ(i) ⊆∑n

i=1 x
m
σ(i). Moreover, similar to what happens for the relation ε∗m (see [19,

Proposition 3.2]), if we consider the set X =
⋃
{
∑n
i=1A

m
i | A1, . . . , An ⊆ R},

then we get ξ∗m ⊆ X×X, while the converse implication is not generally valid.
It holds under supplementary conditions, stated in the following result.

Proposition 3.2. Let (R,+, ·) be a hyperring satisfying relation (2) and such
that there exists 0 ∈ R with the property that x + 0 = {x} = 0 + x and
x · 0 = {0}, for all x ∈ R. If A1, . . . , An are hyperideals of R, then X is an
equivalence class of ξ∗m and ξm is transitive.

Proof. Since εm ⊆ ξm, the proof is completed by [19, Proposition 3.2].

We know that α∗ is a strongly regular relation on hyperrings [11]. In the
following we show that ξ∗m is, under some special conditions, a strongly regular
relation, too.

Theorem 3.3. The relation ξ∗m is a strongly regular relation on a hyperring
(R,+, ·) satisfying relation (2).

Proof. Let a
′
ξ∗ma and b

′
ξ∗mb for a, b, a

′
, b
′ ∈ R. Then, for xs+1

1 , yt+1
1 ∈ R, with

x1 = a
′
, xs+1 = a, y1 = b

′
and yt+1 = b we have x1ξmx2ξm . . . ξmxsξmxs+1

and y1ξmy2ξm . . . ξmytξmyt+1. So, for every i ∈ {1, . . . , s} there exist ni ∈ N,
zi1, . . . , zini ∈ R and σi ∈ Sni such that

xi ∈
ni∑
l=1

zmil and xi+1 ∈
ni∑
l=1

zmiσi(l).

Besides, for all j ∈ {1, . . . , t} there exist n
′

j ∈ N, dj1, . . . , djn′j
∈ R and τj ∈

Sn′j
, where

yj ∈
n
′
j∑

k=1

dmjk and yj+1 ∈
n
′
j∑

k=1

dmjτj(k).
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Then, for i = j = 1 we can define µ ∈ Sn1+n
′
1

such that µ(l) = σ1(l) for all

1 ≤ l ≤ n1 and µ(k) = k for all 1 ≤ k ≤ n′1, and put z11 = b1, . . . , z1n1 = bn1 ,
d11 = bn1+1,. . . , d1n1

= bn1+n
′
1
. Now, by

xi + y1 ⊆
ni∑
l=1

zmil +

n
′
1∑

k=1

dm1k and xi+1 + y1 ⊆
ni∑
l=1

zmiσi(l) +

n
′
1∑

k=1

dm1k,

we have

x1 + y1 ⊆
n1+n

′
1∑

c=1

bmc and x2 + y1 ⊆
n1+n

′
1∑

c=1

bmµ(c),

which implies that q1ξmq2, for all q1 ∈ x1 + y1 and q2 ∈ x2 + y1. Therefore,
similarly we can choose some elements q1, . . . , qs+t ∈ R with qi ∈ xi + y1, for
i = 1, 2, . . . , s, and qs+j ∈ xs+1 + yj+1, for j = 1, . . . , t, such that

a
′
+ b

′
3 q1ξmq2ξm . . . ξmqsξmqs+1ξm . . . ξmqs+t−1ξmqs+t ∈ a+ b.

Hence, for all q
′ ∈ a

′
+ b

′
and q ∈ a + b, we have q′ξ∗mq. It means that

a+ b ξ∗m a
′
+ b

′
. Then ξ∗m is strongly regular on (R,+). Similarly, one proves

that ξ∗m is a strongly regular relation on (R, ·), too.

It is well-known that the quotient structure, constructed by a strongly
regular relation on a hyperring, is a ring, property conserved also for the ξ∗m-
relation, as it is shown in the next result.

Theorem 3.4. If R is a hyperring satisfying relation (2), then the quotient
R/ξ∗m = {ξ∗m(x) | x ∈ R} is a ring.

Proof. For all ξ∗m(a), ξ∗m(b) ∈ R/ξ∗m consider ξ∗m(a) ⊕ ξ∗m(b) = {ξ∗m(c) | c ∈
ξ∗m(a) + ξ∗m(b)} and ξ∗m(a) � ξ∗m(b) = {ξ∗m(z) | z ∈ ξ∗m(a) · ξ∗m(b)}. Let p, q ∈
ξ∗m(a)+ξ∗m(b). Then there exist a

′
, a” ∈ ξ∗m(a) and b

′
, b” ∈ ξ∗m(b) such that p ∈

a
′
+b
′

and q ∈ a′′+b
′′
. By strongly regularity of ξ∗m, we have a

′
+b
′
ξ∗ma

′′
+b
′′
.

Hence, pξ∗mq and so ξ∗m(p) = ξ∗m(q). Therefore ξ∗m(a)⊕ξ∗m(b) = {ξ∗m(c)}, for all
c ∈ ξ∗m(a)+ξ∗m(b). Similarly, ξ∗m(a)�ξ∗m(b) = {ξ∗m(z)}, for all z ∈ ξ∗m(a)·ξ∗m(b).
Therefore, ⊕ and � are trivial hyperoperations, i.e. they are both operations,
and thus (R/ξ∗m,⊕,�) is a ring.

Moreover, the quotient R/α∗ is always a commutative ring [11], while R/ξ∗m
is not commutative in general, as one can see in the following example.
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Example 3.5. Consider the hyperring R = {a, b, c, d, e, f, g} defined in Ex-
ample 3.1. We have

R/ξ∗m =
{
ξ∗m(a) = {a, b}, ξ∗m(c), ξ∗m(d), ξ∗m(e), ξ∗m(f), ξ∗m(g)

}
where ξ∗m(x) = {x} for all x 6∈ {a, b}. By Theorem 3.4, we have ξ∗m(d) ⊕
ξ∗m(e) = ξ∗m(f), since ξ∗m(d) + ξ∗m(e) = d + e = {f}. On the other hand,
ξ∗m(e)⊕ξ∗m(d) = ξ∗m(g), since ξ∗m(e)+ξ∗m(d) = e+d = {g}. But, ξ∗m(g) 6= ξ∗m(f).
Hence, R/ξ∗m is not commutative. Note that R is neither m-idempotent for all
2 ≤ m ∈ N, since xm = {a, b} for all x ∈ R.

Actually, if R is not an m-idempotent hyperring, then R/ξ∗m is not a com-
mutative ring in general.

Theorem 3.6. If (R,+, ·) is an m-idempotent hyperring satisfying relation
(2), then (R/ξ∗m,⊕,�) is a commutative ring.

Proof. By Theorem 3.4, (R/ξ∗m,⊕,�) is a ring. We show that ξ∗m(x1) ⊕
ξ∗m(x2) = ξ∗m(x2) ⊕ ξ∗m(x1), for every ξ∗m(x1), ξ∗m(x2) ∈ R/ξ∗m. Let a ∈
x1 + x2 and b ∈ x2 + x1. Then, we have ξ∗m(x1) ⊕ ξ∗m(x2) = ξ∗m(a) and
ξ∗m(x2) ⊕ ξ∗m(x1) = ξ∗m(b). Now, consider σ ∈ Sn such that σ(1) = 2 and
σ(2) = 1. Since R is m-idempotent, we have

a ∈ x1 + x2 ⊆ xm1 + xm2 and b ∈ xσ(1) + xσ(2) ⊆ xmσ(1) + xmσ(2)

which implies that aξmb and so ξ∗m(a) = ξ∗m(b). Hence, ξ∗m(x1) ⊕ ξ∗m(x2) =
ξ∗m(x2)⊕ ξ∗m(x1) and so ⊕ is commutative on R/ξ∗m. Moreover, since (R, ·) is
commutative, it clearly follows that � is commutative on R/ξ∗m. Therefore,
(R/ξ∗m,⊕,�) is a commutative ring.

Theorem 3.7. If (R,+, ·) is an m-idempotent hyperring satisfying relation
(2), then ξ∗m is the smallest strongly regular equivalence relation on R such
that the quotient R/ξ∗m is a commutative ring.

Proof. For a strongly regular equivalence relation θ such that R/θ is a commu-
tative ring, consider the canonical projection φ : R −→ R/θ by φ(x) = θ(x)
for all x ∈ R. Let xξmy for x, y ∈ R. Then there exist n ∈ N, σ ∈ Sn

and z1, z2, . . . , zn ∈ R such that x ∈
n∑
i=1

zmi and y ∈
n∑
i=1

zmσ(i). So φ(x) =

⊕ni=1θ(zi)
m and φ(y) = ⊕ni=1θ(zσ(i))

m. which implies that θ(x) = θ(y) since
the quotient R/θ is a commutative ring. Hence, ξm ⊆ θ and so ξ∗m ⊆ θ∗ = θ.
Thus, ξ∗m is the smallest strongly regular equivalence on an m-idempotent hy-
perring R satisfying relation (2), such that R/ξ∗m is a commutative ring.
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The fundamental relation α∗ is the smallest strongly regular relation on
hyperrings such that the related quotient is a commutative ring [11]. By
Theorem 3.7, we can conclude that the relation ξ∗m is a fundamental relation
onm-idempotent hyperrings satisfying relation (2) such that the corresponding
quotient ring is commutative.

According with the definition of the γ-relation on (semi)hypergroups in-
troduced by Freni ([13]), the relations γ+ and γ· can be also introduced ([11])
on a hyperring (R,+, ·) with respect to ” + ” and ” · ” as follows:

xγ+y ⇐⇒ ∃ t ∈ N, ∃ y1, y2, . . . , yt ∈ R, τ ∈ Sn; x ∈
t∑
i=1

yi and y ∈
t∑
i=1

yτ(i),

xγ·y ⇐⇒ ∃ n ∈ N, ∃ z1, z2, . . . , zn ∈ R, σ ∈ Sn; x ∈
n∏
i=1

zi and y ∈
n∏
i=1

zσ(i).

The transitive closures of γ+ and γ· are denoted by γ∗+ and γ∗· , respectively.
Clearly, γ+ ∪ γ· ⊆ α and γ∗+ ∪ γ∗· ⊆ α∗. In the following we compare the γ+-
relation with ξm and ξ∗m (while in the next section we study the connection
between γ· and ξm).

Theorem 3.8. For all m-idempotent hyperrings, γ+ ⊆ ξm.

Proof. In an m-idempotent hyperring R we have x ∈ xm, for all x ∈ R. Hence,
for x, y ∈ R it holds

xγ+y ⇐⇒ ∃t ∈ N, ∃z1, z2, . . . , zt ∈ R, ∃σ ∈ Sn : x ∈
t∑
i=1

zi and y ∈
t∑
i=1

zσ(i),

=⇒ x ∈
t∑
i=1

zmi and y ∈
t∑
i=1

zmσ(i).

Then xξmy and so γ+ ⊆ ξm.

In the following example, we can see that, if R is not an m-idempotent
hyperring, then γ+ * ξm.

Example 3.9. Consider the hyperring R = {a, b, c, d, e, f, g} defined in Ex-
ample 3.1. Then we have

γ+(a) = γ+(b) = {a, b, f, g} and γ+(c) = {c, d, e}.

Hence, γ+ = α and so ξm ⊆ γ+.
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Example 3.10. Consider the commutative multiplicative hyperring (Z3,⊕, ∗)
defined as:

⊕ 0̄ 1̄ 2̄
0̄ 0̄ 1̄ 2̄
1̄ 1̄ 2̄ 0̄
2̄ 2̄ 0̄ 1̄

∗ 0̄ 1̄ 2̄
0̄ {0̄} {0̄} {0̄}
1̄ {0̄} Z3 Z3

2̄ {0̄} Z3 Z3

It is an m-idempotent multiplicative hyperring for all 2 ≤ m ∈ N. For every
x ∈ Z3 we have γ∗+(x) = {x} and ξ∗m(x) = Z3. So, γ∗+  ξ∗m.

Theorem 3.11. If R is an m-idempotent Krasner hyperring, then

β+ = γ+ = ξm = εm.

Proof. By Theorem 3.8, we have γ+ ⊆ ξm. Since R is an m-idempotent
Krasner hyperring, it follows that z = zm for all z ∈ R. Hence, if aξmb for
a, b ∈ R, then there exist n ∈ N, z1, z2, . . . , zn ∈ R and σ ∈ Sn such that

a ∈
n∑
i=1

zmi =

n∑
i=1

zi and b ∈
n∑
i=1

zmσ(i) =

n∑
i=1

zσ(i).

This means that aγ+b. Then, ξm ⊆ γ+ and thus γ+ = ξm. Since, in a Krasner
hyperring, the additive part is commutative, it holds β+ = γ+ = ξm = εm.

Corollary 3.12. For all m-idempotent Krasner hyperrings, we have γ = εm =
ξm = α.

Proof. In all Krasner hyperrings, we have β+ = γ and γ+ = α. Hence, the
proof is completed by Theorem 3.11.

Remark 3.13. Note that Corollary 3.12 introduces a characterization for
well-known strongly regular relations on m-idempotent Krasner hyperrings by

β+ = γ+ = γ = εm = ξm = α.

The last part of this section is dedicated to the study of some properties of
the Cartesian product of hyperrings and its related quotient by the ξ∗m-relation.
We start with a very preliminary result.

Lemma 3.14. Let R1 and R2 be two hyperrings, (a, b), (c, d) ∈ R1 × R2 and
σ ∈ Sn. Then (a, b) ∈

∑n
i=1(xi, yi)

m and (c, d) ∈
∑n
i=1(xσ(i), yσ(i))

m if and
only if a ∈

∑n
i=1 x

m
i , c ∈

∑n
i=1 x

m
σ(i), b ∈

∑n
i=1 y

m
i and d ∈

∑n
i=1 y

m
σ(i) for

some xi ∈ R1 and yi ∈ R2.
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Proof. We have

n∑
i=1

(xi, yi)
m

= (x1, y1) (x1, y1) . . . (x1, y1)︸ ︷︷ ︸
m times

+ (x2, y2) (x2, y2) . . . (x2, y2)︸ ︷︷ ︸
m times

+ . . .+ (xn, yn) (xn, yn) . . . (xn, yn)︸ ︷︷ ︸
m times

= (xm1 , y
m
1 ) + (xm2 , y

m
2 ) + . . .+ (xmn , y

m
n )

=

(
n∑
i=1

xmi ,

n∑
i=1

ymi

)
,

and similarly

n∑
i=1

(xσ(i), yσ(i))
m =

(
n∑
i=1

xmσ(i),
n∑
i=1

ymσ(i)

)
. This completes the

proof.

Corollary 3.15. Let R1 and R2 be two hyperrings, ξ∗m(R1), ξ∗m(R2) and
ξ∗m(R1 × R2) be the corresponding ξ∗m-relations on R1, R2 and R1 × R2, re-
spectively. Then(

(a, b), (c, d)
)
∈ ξ∗m(R1 ×R2) ⇐⇒ (a, c) ∈ ξ∗m(R1) and (b, d) ∈ ξ∗m(R2).

Proof. By Lemma 3.14, we have(
(a, b), (c, d)

)
∈ ξ∗m(R1 ×R2)⇐⇒ ∃n ∈ N, ∃xi ∈ R1, ∃yi ∈ R2 (1 ≤ i ≤ n), ∃σ ∈ Sn;

(a, b) ∈
n∑
i=1

(xi, yi)
m and (c, d) ∈

n∑
i=1

(
xσ(i), yσ(i)

)m
⇐⇒ a ∈

n∑
i=1

xmi , c ∈
n∑
i=1

xmσ(i), b ∈
n∑
i=1

ymi , d ∈
n∑
i=1

ymσ(i)

⇐⇒ (a, c) ∈ ξ∗m(R1) and (b, d) ∈ ξ∗m(R2).

Theorem 3.16. Let R1 and R2 be two hyperrings, ξ∗m(R1), ξ∗m(R2) and
ξ∗m(R1 × R2) be the corresponding ξ∗m-relations on R1, R2 and R1 × R2, re-
spectively. Then

(R1 ×R2)/ξ∗m(R1 ×R2) ∼= R1/ξ
∗
m(R1)×R2/ξ

∗
m(R2).

Proof. Define the map f from (R1×R2)/ξ∗m(R1×R2) toR1/ξ
∗
m(R1)×R2/ξ

∗
m(R2)

by f(ξ∗m(R1 × R2)(a, b)) = (ξ∗m(R1)(a), ξ∗m(R2)(b)), for (a, b) ∈ R1 × R2.
Clearly, f is onto. It is easy to verify that f is well-defined and one to one, by
Corollary 3.15. Moreover, f is a homomorphism.
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Now, consider the ring R/ξ∗m and the canonical projection ϕ : R −→ R/ξ∗m.
Define K = kerϕ = ϕ−1(0R/ξ∗m).

Theorem 3.17. Let (R,+, ·) be a Krasner hyperring satisfying relation (2).
Then K is a hyperideal of R.

Proof. For all x ∈ R we have x ∈ x+ 0, since R is a Krasner hyperring. This
implies that ξ∗m(0) = 0R/ξ∗m and so 0 ∈ K. Also, if x ∈ K, since 0 ∈ x− x we
have 0R/ξ∗m = ξ∗m(0) = ξ∗m(x)⊕ ξ∗m(−x) = 0R/ξ∗m ⊕ ξ

∗
m(−x) = ξ∗m(−x), that is,

−x ∈ K. Now, let x, y ∈ K. For all z ∈ x+y, we have ξ∗m(z) = ξ∗m(x)⊕ξ∗m(y) =
0R/ξ∗m ⊕ 0R/ξ∗m = 0R/ξ∗m . Hence, z ∈ K. Thus x + y ⊆ K. Moreover, for all
r ∈ R and x ∈ K we have ξ∗m(r ·x) = ξ∗m(r)�ξ∗m(x) = ξ∗m(r)�0R/ξ∗m = 0R/ξ∗m .
Hence r · x ∈ K. Therefore, K is a hyperideal of the Krasner hyperring R by
[11, Lemma 3.2.3].

4 New form of the α-relation on m-idempotent hyper-
rings

As already mentioned before, the fundamental relation α∗ is the smallest
strongly regular relation on hyperrings such that the related quotient is a
commutative ring [11]. Theorem 3.7 states that the relation ξ∗m is also a funda-
mental relation on m-idempotent hyperrings satisfying relation (2). Besides,
ξ∗m is a new representation for the α∗-relation on m-idempotent hyperrings
satisfying relation (2).

Theorem 4.1. On m-idempotent hyperrings satisfying relation (2), there is
ξm = α.

Proof. Let (R,+, ·) be an m-idempotent hyperring satisfying relation (2).
Clearly, ξm ⊆ α. Let xαy for x, y ∈ R. Then, there exist n, ki ∈ N,
zi1, . . . , ziki ∈ R, σ ∈ Sn and σi ∈ Ski , for 1 ≤ i ≤ n, such that

x ∈
n∑
i=1

 ki∏
j=1

zij

 and y ∈
n∑
i=1

kσ(i)∏
j=1

zσ(i)σσ(i)(j)

 .

Since R is m-idempotent, it follows that

x ∈
n∑
i=1

 ki∏
j=1

zij

 ⊆ n∑
i=1

 ki∏
j=1

zmij

 ⊆ n∑
i=1

 ki∏
j=1

zij

m

and

y∈
n∑
i=1

kσ(i)∏
j=1

zσ(i)σσ(i)(j)

⊆ n∑
i=1

kσ(i)∏
j=1

zmσ(i)σσ(i)(j)

⊆ n∑
i=1

kσ(i)∏
j=1

zσ(i)σσ(i)(j)

m



THE COMMUTATIVE QUOTIENT STRUCTURE OF m-IDEMPOTENT
HYPERRINGS 232

Now, by relation (2), there exists ti ∈
ki∏
j=1

zij for every 1 ≤ i ≤ n such that

x ∈
n∑
i=1

tmi and y ∈
n∑
i=1

tmσ(i), which implies that xξmy. Then α ⊆ ξm. This

completes the proof.

This shows that the ξ∗m-relation is a new form of α∗-relation onm-idempotent
hyperrings satisfying relation (2). Based on Theorem 4.1, one immediately
notices that Theorem 3.6 and Theorem 3.7 are valid, describing the main
properties already known for the α∗-relation.

Corollary 4.2. On m-idempotent hyperrings satisfying relation (2), we have
γ· ⊆ ξm and so γ∗· ⊆ ξ∗m.

Proof. By Theorem 4.1, we have α = ξm on m-idempotent hyperrings satisfy-
ing relation (2). Hence, the proof is completed.

Example 4.3. Consider the hyperring R = {a, b, c, d, e, f, g} in Example 3.1.
Then we have

γ·(a) = γ·(b) = {a, b} and γ·(x) = {x} ∀x ∈ R− {a, b}.

Hence, γ· = ξm. Note that R is not m-idempotent for 2 ≤ m ∈ N.

Example 4.4. Consider the 2-idempotent Krasner hyperring R = {0, a, b, c}
defined by the following hyperaddition and multiplication:

+ 0 a b c
0 0 a b c
a a {0, b} {a, c} b
b b {a, c} {0, b} a
c c b a 0

· 0 a b c
0 0 0 0 0
a 0 a b c
b 0 b b 0
c 0 c 0 c

We have ξ∗2(0) = ξ∗2(b) = {0, b} and ξ∗2(a) = ξ∗2(c) = {a, c}. Moreover, one
obtains that γ∗· (x) = {x} for all x ∈ R. Hence, γ∗·  ξ∗2 .

Now, let (R,+, ·) be a hyperring. Since γ∗· is a strongly regular relation on
(R, ·), we can consider the additive hyperring (R/γ∗· ,],�), where

γ∗· (a) ] γ∗· (b) = {γ∗· (c) | c ∈ γ∗· (a) + γ∗· (b)}
γ∗· (a)� γ∗· (b) = γ∗· (d), ∀d ∈ γ∗· (a) · γ∗· (b).

By [11] and Theorem 4.1, we have R/ξ∗m = R/α∗ ∼= (R/γ∗· )/γ
∗
], on an m-

idempotent hyperring satisfying relation (2). In the following we prove this
result without using the α∗-relation and we believe it is more understandable
with respect to the similar proof for the α-relation given in [11, Theorem 7.1.6].
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Theorem 4.5. Let (R,+, ·) be an m-idempotent hyperring satisfying relation
(2). Then R/ξ∗m

∼= (R/γ∗· )/γ
∗
].

Proof. The relation γ∗] is a strongly regular relation on (R/γ∗· ,]) and so
(R/γ∗· )/γ

∗
] is a commutative ring. Consider the homomorphism ϕ : R −→

(R/γ∗· )/γ
∗
] and the equivalence relation θ = {(a, b) ∈ R × R | ϕ(a) = ϕ(b)}

which is a strongly regular relation on R. By [11, Theorem 2.5.4], R/θ ∼=
(R/γ∗· )/γ

∗
]. Clearly, ξ∗m ⊆ θ by Theorem 3.7. Hence, it is enough to show that

θ ⊆ ξ∗m. We have

θ(a) = {z | zθa} = {z | γ∗](γ∗· (a)) = γ∗](γ∗· (z))} = {z | γ∗· (a)γ∗]γ
∗
· (z)}.

This means that if z ∈ θ(a), then γ∗· (z)γ
∗
]γ
∗
· (a) and so there exist σ ∈ Sn and

γ∗· (x1), . . . , γ∗· (xn) ∈ R/γ∗· such that

γ∗· (a) ∈
n⊎
i=1

γ∗· (xi) and γ∗· (z) ∈
n⊎
i=1

γ∗· (xσ(i)).

Therefore,

γ∗· (a) = γ∗· (c); c ∈ γ∗· (x1) + . . .+ γ∗· (xn) =

n∑
i=1

γ∗· (xi),

γ∗· (z) = γ∗· (d); d ∈
n∑
i=1

γ∗· (xσ(i)).

By Corollary 4.2, from aγ∗· c and zγ∗· d we have ξ∗m(a) = ξ∗m(c) and ξ∗m(z) =
ξ∗m(d). Moreover, since R is m-idempotent, it follows that, for every set A ⊆ R,
there is A ⊆ Am. Hence,

c ∈
n∑
i=1

γ∗· (xi)
m and d ∈

n∑
i=1

γ∗· (xσ(i))
m.

According with relation (2), there exist ti ∈ γ∗· (xi) such that c ∈
n∑
i=1

tmi and

d ∈
n∑
i=1

tmσ(i). Then, cξ∗md and thus ξ∗m(c) = ξ∗m(d). Hence, ξ∗m(z) = ξ∗m(a)

which implies that θ ⊆ ξ∗m.

Finally, we determine on which hyperrings the two relations ε∗m and ξ∗m
coincide. We recall that a weak commutative hyperring is a hyperring (R,+, ·)
where for all x, y ∈ R we have (x+ y) ∩ (y + x) 6= ∅ and (x · y) ∩ (y · x) 6= ∅.
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Theorem 4.6. On weak commutative m-idempotent hyperrings satisfying re-
lation (2), there is ε∗m = ξ∗m.

Proof. By [19], we know that ε∗m = γ∗ on m-idempotent hyperrings satisfying
relation (1). Besides, by Theorem 4.1, ξ∗m = α∗ on m-idempotent hyperrings
satisfying relation (2). On the other hand, γ∗ = α∗ on weak commutative
hyperrings by [11, Theorem 7.1.13]. Hence, we conclude that, on weak com-
mutative m-idempotent hyperrings satisfying relation (2), there is

ε∗m = γ∗ = α∗ = ξ∗m.

5 Conclusions

On a general hyperring the fundamental relation γ∗ was defined [21] such
that the related quotient structure is a ring (not always commutative). Later
on, by defining the α∗-relation [12], the problem of the commutativity was
solved. But, in a recently published work [19], a particular class of hyperrings
was introduced, on which γ∗ is not the smallest strongly regular relation, but
there exists a smaller one, the εm-relation, having a similar behaviour as γ∗.
Moreover, on m-idempotent hyperrings satisfying a certain condition 1, these
two relations are equal. Following the same idea, but with the aim to obtain
a commutative quotient ring, in this note we have introduced the ξ∗m-relation
on general hyperrings having commutative multiplicative part and satisfying a
certain condition 2. On such hyperrings, ξ∗m is a strongly regular relation and
the corresponding quotient structure is a ring (not commutative in general),
that is always commutative on m-idempotent hyperrings satisfying condition
2. In this case, ξm is a new form for the α-relation. Moreover, all four
fundamental relations γ, α, εm and ξm coincide on m-idempotent Krasner
hyperrings, while on weak commutative m-idempotent hyperrings satisfying
condition 2, there is ε∗m = γ∗ = α∗ = ξ∗m.
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