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matrix dynamic equation on time scales”
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Abstract

In this paper, we establish some basic results for quaternion com-
bined impulsive matrix dynamic equation on time scales for the first
time. Quaternion matrix combined-exponential function is introduced
and some basic properties are obtained. Based on this, the funda-
mental solution matrix and corresponding Cauchy matrix for a class
of quaternion matrix dynamic equation with combined derivatives and
bi-directional impulses are derived.

1 Introduction

In 1843, Hamilton initiated the notion of quaternions which extends the
complex numbers to the four-dimensional space (see [8]). The multiplication
of quaternions are determined by a noncommutative division algebra. Let ¢ =
Qo + q11 + q25 + g3k, be a quaternion, where qo, q1, g2, g3 € R, and i, j, k satisfy
the multiplication: i2 = j2 = k2 = ijk = —1,jk = —kj =4, ki = —ik = j,ij =
—ji = k. In the real world, there exists the quaternionic differential equation
structure in many research fields such as differential geometry, fluid mechanics,
attitude dynamics, quantum mechanics (see [1]), etc., and many researchers
focus on the subject with quaternionic background (see [5-7,10,51-54]).
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On the other hand, in 1988, Stefan Hilger introduced the theory of time
scales, which is a powerful tool to study dynamic equations on hybrid domains
(see [9]), by choosing the time scale to be the set of real numbers, the general
results yield the results concerning different types of dynamic equations (see
[20,23,27]). In 2016, some equivalent concepts of periodic time scales were
addressed by Wang and Agarwal et al.(see [2,21,22]). In [24,26,28], the concept
of piecewise almost periodic and almost automorphic functions on time scales
with periodicity was first introduced and applied to analyze the almost periodic
solutions to neural networks and biological dynamic models. In [29,31], the
authors proposed the II-semigroup and the semigroups induced by complete-
closed time scales to study the almost periodic mild solutions to evolution
equations. Due to the irregularity of time scales, the delay classification was
addressed to solve the delay dynamic equations on hybrid time scales (see [30]).
The notion of changing-periodic time scales is a recent new concept which can
deal with the translation solution problems of the dynamic equations on time
scales with the bounded graininess function p (see [32]). By using the idea
of decomposition of time scales, the existence and stability of local solutions
of dynamic equations on piecewise periodic time scales were considered (see
[33,34]). Moreover, the concept of matched spaces of time scales was put
forward to assist in solving the problems on non-translational shift time scales
(see [25,35-37]). By choosing T = hZ, the same result yields a result for
difference equations with h-step; let the quantum time scale T = q%, the
hybrid domains T = {hZ} U {¢”}, etc., one can obtain a much more general
result by using the theory of time scales (see [3,4,38-41]). In 2020, Wang, Li,
Agarwal and O’Regan investigated the commutativity of quaternion-matrix-
valued functions and quaternion matrix dynamic equations on time scales and
nine interesting problems were proposed and solved (see [13-15]) in which
several real applications were demonstrated in applied dynamic equations. In
2020, the coupled-jumping timescale theory and applications were proposed
(see [50]).

In 2006, Sheng, Fadag, et al. introduced a combined derivative on time
scales called diamond derivatives which is defined as a linear combination of
Delta and Nabla dynamic derivatives and is a more accurate approximation
to the conventional derivative. The calculation <}, diamond derivatives of a
function needs the function is Delta and Nabla derivable both (see [17,18]).
In particular, for @ = 1 the <, diamond derivatives is A-derivatives, and
for « = 0 the <, diamond derivatives is V-derivatives. In 2020, Wang and
Agarwal et.al established the combined measure theory on time scales and
it was applied to study Lebesgue-Stieltjes combined {,-measure and integral
(see [16,42]). In [12], the non-eigenvalue form of Liouville’s formula and a-
matrix exponential solutions for combined matrix dynamic equations on time
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scales were obtained.

However, there is no work on the combined matrix dynamic equations
on time scales under quaternionic background. Moreover, the dynamic equa-
tions with impulses demonstrate their advantages in describing the dynamical
behavior with a sudden change or an impact, it is significant to investigate
the impulsive dynamic equations on hybrid domains (see [43-49]). Motivated
by the above, since impulsive dynamic equations play a vital role in depict-
ing the natural phenomena with sudden changes in the practical applications
(see [11,19]), we will introduce a quaternion matrix combined-exponential
function and study its properties. Based on it, a class of quaternion ma-
trix dynamic equation with combined derivatives and bi-directional impulses
is introduced and investigated, some basic results including the fundamental
solution matrix and corresponding Cauchy matrix are obtained for the first
time.

2 Preliminaries

In what follows, we will present some fundamental knowledge of combined
calculus on time scales and generalize these results under the quaternion back-
ground. For convenience, we denote quaternion space by Q throughout the
paper.

A time scale T is a closed subset of R. It follows that the jump operators
o,p: T — T defined by o(t) =inf{s € T:s >t} and p(t) =sup{s € T : s <t}
(supplemented by inf¢ := supT and sup ¢ := inf T) are well defined. The
point ¢t € T is left-dense, left-scattered, right-dense, right-scattered if p(t) =
t,p(t) < t,o(t) =t,o(t) > t, respectively. If T has a right scattered minimum
m, define T, := T\ m; otherwise, set T® = T. The notations [a, b]t, [a, b)T and
so on, we will denote time scale intervals [a,blr = {t € T : a < t < b}, where
a,b e T with a < p(b).

Definition 2.1 ( [4]). Fory: T — R and t € T", we define the A-derivative
of y(t), y2(t), to be the number (if it exists) with the property that for a given
e > 0, there exists a neighborhood U of t (i.e., U = (t — 6,t + &)1 for some
0 > 0) such that

|[y(a () = y(s)] =y D)o () — ]| < elo(t) - 5]

for all s € U. That is, the limit

o f
y(t)_ll—% o(t)—s

exists.
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Theorem 2.1 ( [4]). Ifa,b,c € T,a,B €R, and f,g € Cyq, then
(i) J2 [af(t)+ Ba(D)] At = a [0 F(HAL+ B [ g(t)At

(@) [} F(B)AL=— [ f(D)AL;

(iid) [CF)AL= [0 F(O)AL+ [ F(£)AL;

(iv) | [y F&)AL] < [71F(1)|AL.

Definition 2.2 ( [4]). If r is a p-regressive function, then the generalized
exponential function e, is defined by

er(t,s) = exp { /: EH(T)(T(T))AT}

for all s,t € T, where the u-cylinder transformation is as in

En(z) = %Log(l + zh).

Theorem 2.2 ( [4]). Assume that p,q: T — R are two p-regressive functions.

(i) eo(t,s) =1 and ep( =1

(ii) ep(a(t), s) = (1 + u(t)p(t))ep(t, 5);
(ili) ep(t, s) = o (3 i = eop(s, b);
Eiv) ep(t, s)e p( r) =ep(t,r);

V) (esp(t, )2 = (©p)(Hesy(t, 5);

Definition 2.3 ( [1]). Let A: T — Q™™ and A(t) = [arno(t) + iarn1(t) +
Jarn2(t) +karps(t)]nxn, where 1 <r h <mn, n € NT, the integral of the matriz
function A(t) is defined by

t

A(T)AT =

to
t t t ¢

[/ arho(T)AT—‘ri/ arhl(T)AT-i-j/ ath(T)AT—‘rk‘/ arhg(T)AT:| .
to to to to nxn

Definition 2.4 ( [18]). Let A: T — Q™™ be differentiable on T in A and V
sense. Fort € T, define a diamond-a dynamic derivative A%« (t) by

A% (t) = ad®(t) + (1 —a)AV (1), 0<a<1.

Thus A(t) is diamond-« differentiable if and only if A(t) is A and V differ-
entiable.
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Consider the following two initial value problems of homogeneous quater-
nion matrix dynamic equations on time scales.

XV (t)=At)X(t), X (to) =1, (1)
XA(t) = AW)X(t), X(to) =1, (2)

where [ is an identity matrix.

Now, we will derive a quaternion matrix V-exponential function é4(t,to)
by calculating the solutions of the initial value problems of the quaternion
matrix V-dynamic equation (1). Similarly, a quaternion matrix A-exponential
function e4(t,t9) can also be obtained.

Theorem 2.3. The quaternion matrix exponential function é(t,to) is given
by:

t

o0 o(tn) o(t2)
éA(t,to) = I+Z/ A{r(tn)/ Aa(tn_l)/ Ao(tl)Atl...Atn_lAtn

n=1 to to to
and the quaternion matriz A-exponential function ea(t,to) is given by:

t

eat o) =1+§:/ A(tn)/tn A(tn_l).../tQ A(t) Al - .. Aty 1Aty (3)

n=1"to to to
where I is n X n-identity matriz.

Proof. For é4(t,tg), by calculating the solution of the initial value problem of
(1), we can obtain

v(t)ex (t,to) = éalt,to) — éalp(t), to)

00 t o(tn) o(tz2)
= I+)Y A"(tn)/ A“(tn,l).../ A%(t) ALy ... At,_1 AL,
n=1"to to to
0 rp(t) o (t2)
—<I+ > A"(tn).../ A"(tl)Atl...Atn)
n=1"to to
[e’e] t g'(tn) U(t2)
= Z/ A"(tn)/ A"(tn_l).../ A% (t) Aty ... At, 1At
n—1"p(t) to to
0 ro(p(t)) o (tn)
_ u(t)A"(p(t))(I+Z/ A"(tn)/ A"(tn_l)...Atn)
n=1"7%to to

= w(t)A[)ealt o).

Hence é4(t, to) is the solution of initial value problem of (1). Similarly, through
the same proof process, we can obtain (3). The proof is completed. O
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3 Quaternion matrix diamond-exponential function and
quaternion combined matrix dynamic equation

In the sequel, we will introduce a definition of quaternion matrix diamond-
exponential function through matrix exponential functions introduced in The-
orem 2.3. For convenience, we introduce some notations, ey4 (p(t), to) =
ey (t,to), A(p(t)) = AP(t), ealo(t), to) := €5 (L, to), A(a(t)) = A7(t), so does

€.

Definition 3.1. Let A : T — Q"*", where n € Nt, we define a quaternion
matriz diamond-exponential function by é4 = aea(t,to) + (1 — @)éal(t, to).

Lemma 3.1. €Y (t,t0) = A°(t)(I + v(t)A?(t)) ea(t,to) if T+ v(t)AP(t) is
invertible.

Proof. By Theorem 2.3, we have

€A(t, tO) - eﬁx(f, tO)

v(t)
> [ Altn) for Altna) ... [i2 A(t) Aty .. Aty 1 AL,

: o0

A(p(t)) (I + g/t:(t) Altn) ...

= A(p®)eap(t), to).
On the other hand, since

ealt o) = (1. 10) + (1) (¢ 10) = (I -+ () A(p(1)))ea(plt). 1),

ey (t,ty) =

to

A(t1)At ... Atn)

to

then es (p(t), to) = (I+u(t)A(p(t)))716A(t,to). Therefore e (t,t9) = A?(t)(I+
z/(t)A”(t))_leA(t, to). The proof is completed. O

Lemma 3.2. é4(t,t0) = A7(t)(I — p(t)A%(£)) " ealt, to) if T — p(t)A”(t) is
invertible.

Proof. By Theorem 2.3, we have

éA(U(t), to) — éA(t, t())
pu(t)

S [TV AG() [ Ao (tar)) . 7 Al (t) Al .. Aty At
n=1

u(t)

é%(h to) =
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> po(t) o(t2)
= A1+ t A(o(tn)).../t A(a(tl))Atl...Atn)

= A(a(t)éx(t to)-
On the other hand, since
ea(t,to) = éa(t,to) + pu(t)ed (¢, to),
then &5 (t,t0) = (I — u(t)A7(t)) " éalt, to). Therefore é4(t,to) = A7 (t)(I —
wu(t)A° (t))fléA(t, to). The proof is completed. O

Now, consider the following quaternion combined matrix dynamic equa-
tion:

X%a(t) = [a 1 —a]

y At)ea(t,to) AP () (I +v(t)AP(8)) tealt,to)] [ «
AT(t) (I = u(t) A% (1)) "t ea(t, to) A(t)éa(t, to) -«
X(to) =1, where 0 < a <1.
1)

Remark 3.1. Note that the quaternion combined matriz dynamic equation
(1) will turn into (1) for oo = 0; moreover, it will turn into (2) for a = 1.

Theorem 3.1. é4(t,10) is the matriz exponential solution of the initial value
problem of (1).

Proof. By Theorem 2.3, Lemma 3.1 and Definition 2.4, we obtain
e (t,t) = (aA(t) +(1—a)A?(t) (I + y(t)A”(t))_1>eA(t,t0).
Similarly, by Theorem 2.3, Lemma 3.2 and Definition 2.4, we have
eSe (t,to) = (aA”(t) (I- u(t)A"(t))_l +(1— a)A(t))éA(t,to).
By Definitions 2.4 and 3.1, we have
€S (t,ty) = (aA(t) + (1 —a)AP(t) (I + I/(t)AP(t))_l)OéeA(t,to)

+<aA"(t) (I- u(t)A"(t))_l +(1— a)A(t)) (1 —a)éal(t,toy).

Therefore, we can obtain the desired result. O
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Now, we consider the following non-homogeneous quaternion matrix A-
dynamic equation:

X (to) = Xo, ®

where A, H : T — Q"*", X, € Q"*", n € N*.

{XA(t) = A(O)X(t) + H(t)

Theorem 3.2. The fundamental solution matriz of (2) is given by

X(t) =
<I+§:/:A(Tn)/t:n A(Tn_l).../:A(ﬁ)An...ATn_lATn)Xo

n=1"71

+/tt <1+2LZT)A(TH)...LTZ A(n)ATl...ATn>H(T)AT, 3)

(7)
i, X(t) = ea(t,to)Xo+ [ ea(t,o(r))H(7)AT.
Proof. For (3), we have
p(H)X2(t)
_ (1+§:[(t> A(Tn)/;" A(Tn_l).../f A(Tl)Aﬁ...ATn_lATn>XO
n=1v" 0 0

o(t)
+ / <I +Y°
to

o] o(t) To
/ A(ry) .. / A(m)ATy ... ATn>H(T)AT
n=170(7) o(7)

—<I+i/t,4(7n)/m A(Tn,l).../w A(ﬁ)Aﬁ...ATMATn)XO

n=1 to to to

_/tt (Hi TERT A(Tl)An...ATn)H(T)AT

n=179(7) a(7)
e t Tn T
= u(t)A(t) (1 + Z/ A(Tn)/ A1) .. / A(m)AT ... ATn_lATn)
n=1"7%o to to
t 00 o(t) T2
x X0 —|—/ (Z/ A(Tn) - .. A(Tl)ATl...ATn>H(T)AT
to \,,—1Jt o(T)

o(t) 0 o(t) T2
+/ <I+ Z/ A(Tn)/ A(Tl)ATl...ATn>H(T)AT
t n—1 o(1) o(1)

_ u(t)A(t)(I—kni;/t:A(Tn) t:nA(Tnl)... TZA(ﬁ)Aﬁ...ATMATn)

to
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T2

X Xo+ () A(t) /t <1+ f: LA A(n)ml...mn>

to n=1Jo(7) a(r)
H(r)Ar + u() H(t) = p(t) A X (t) + u() H(2).
Thus we can obtain the desired result. O

Consider the following non-homogeneous quaternion matrix V-dynamic
equation:

{X%) = AW)X () + H(t) @

X (to) = Xo,
where A, H : T — Q™*", Xy € Q"*", n € N*.
Theorem 3.3. The fundamental solution matriz of (4) is given as

X(t) =
oot o(7) o(72)

(I-l-z AU(Tn)/ AU(Tn,l).../ Ao(Tl)ATl...ATnlATn>
n=1"7%to

to tO
o(72)
><X0+/ ([+Z/ A% (1, / A"(Tl)ATl...ATn>H”(T)AT, (5)

ie., X(t) = éa(t,to)Xo+ [} éa(t,r)H (r)Ar.
Proof. For (5), we have
v(t)XY (1)

= (I+Z ttA"(Tn) i
n=1""%0 0
+ t: (1+n§/j AU(T,L).../TU(TQ)AU(TI)ATl...ATn>HU(T)AT
_(1+ i/pm A”(Tn)/U(Q)A"(n)An...AT,L)X
/p(t)< Z/ A% () .. / T2)AU(T1)A7'1...ATn)HU(T)AT
= y(t)A(t)<I+Z/ AU(’Tn).../t:(TQ)Aa(Tl)ATl...ATn)XQ
(nzl ; A% (1) .. /7—0(72)AU(Tl)ATl...ATn)HJ(T)AT
+/p(t) (I+ Z /p(t)A (Tn) /TJ(TQ)AU(TI)ATI...AT,L)H"(T)AT

o(r2)
A% (T1)ATy ... ATn>X()
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= v(t)A <1+Z/ (Tn) .../:(72)A”(7-1)A7-1...Arn)X
+u(tAt/t (I-i—Z/ A% () .. /U TQ)AU(n)An...ATn>

X H (T)AT + v () H (p(t) = v() AW X (1) + v() H(t).

Then we can obtain the desired result. The proof is completed. O
Lemma 3.3. For (3), the following equality holds:
XV(t) =

e’} p(t) Tn T2
Ap(t) <I+Z/ A(Tn)/ A(Tnfl)-“/ A(Tl)ATl...ATnlATn>

n=1 to to to

t o0 p(t) T2
% Xo + / (I + A(ry) ... A(m)ATy ... ATn>H(T)AT
P

(®) n=1"0(7) o(7)

p(t) X ro(t) T2
+/ AP(t) (I + Z / A(ty) ... / A(m)AT ... ATn) H(1)AT,
to n=170o(7) a(r)

ie., XV(t) = AP(t)XP(t) + HP(t).
Proof. For (3), we have
()XY (1)

oo t Tn T2
- (I—I—Z/ A(m)/ A(Tnfl)---/ A(Tl)ATl---ATanAT")X
n=1"to0 to to
t > t T2
+ (I+ Z/ A(m)---/ A(ﬁ)ATl---ATn)H(T)AT
to n=1 o(r) ()
< rp(t) n 2
—<I+ Z/ A(m)/ A(Tnfl)---/ A(Tl)ATl---ATnflATvJXO
to to

- pm( Z / T R

- (i/t A(Tn)/m Alnn)... [ A(TI)ATI...ATn,lATn)XO

to

p<z>< / Alra) - /TQ)A(H)Aﬁ.-.ATn)H(T)Aq—

p(t)

+ (Z t A(Tn).../g:i)A(Tl)ATl...ATn)H(T)A’T

to 17 p(t)

= u(t)AP(t) (1+Z/tpm A(Tn).../;2 A(Tl)Arl...ATn)Xo

0
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( 3 . .../f A(n)An...Am)H(p(t))

n=1 Cf(/ﬂ(t)) (p(t))

p(t) T2
+/to y(t)(]+ Z/U(t A(n) .../U(T) A(ﬁ)An...Am)
H(T)AT = v(t) AP (1) XP(t) + v(t) HP(t).
The proof is completed.

Lemma 3.4. For (5), the following equality holds:
XA@) =

oo

o(Tn) " o(72) .
t)([—&-z‘/t / A (Tn_1).../ A (Tl)Aﬁ,..A‘rn_lATn)
0

to

a(t) 1 2 ro(t) o(r2)
><Xo+/ (Z/ AU(Tn).../ A‘T(Tl)ATl..,ATn>
to n=1 t T

o(t) s t o(12)
XH”(T)AT—i—/ <I+Z/ AJ(Tn).,./ AU(Tl)ATl...ATn>HU(T)AT,
t n=1"7T T
(

e., X2(t) = A7 (t)X°
Proof. For (5), we have
p(BXA(1)

= (1+Z/ A% (1) . /0(72)AU(71)A7'1...AT7L)X0

t)+ HO(t).

to

s t o(12)
—(I—i—Z/ A"(Tn).../ A0<T1)AT1...ATn)X0
to to

_/to (H Z/ () /U(Tz)A"(Tl)An...ATn)H”(T)AT

= (Z/ A"(Tn).../ TQ)AU(TI)ATI...AT,)X

" (Z [ [ aoan s B @
+/:(“ (H;/r Y IR PRI
(5 [ [ armanan)x
u(t) A% (1 / ( Z / G [ ”‘”)AU(TI)ATI...M)

o(t) 0 o(t) o(12)
+ (1+Z/ AU(Tn).../ A"(Tl)ATl...ATn)H"(T)AT
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oo t o(72)
X H (T)AT + p(t) (1 + Z/ A% (Tp) .. / A% (T1)AT ... ATn)
n=1 t t
XH (t) = p(t) A7 ()X () + p(t) H (2).
The proof is completed. O

Based on Theorems 3.2-3.3 and Lemmas 3.3-3.4, we can consider the fol-
lowing non-homogeneous quaternion combined matrix dynamic equation on
time scales:

X0a(t) = [a 1-a

ABX() + H(t) AP(t)XP(t)+HP(t)] [ a ]

AT(H)XO(t)+H(t) ABWXE)+H@E) | |1-a

X (to) = Xo,
(6)

where 0 < a <1, A H:T — Q" ", X, € Q"*", neNT.
Theorem 3.4. The fundamental solution matriz of (6) is given by
X(t)=aXt)+(1—-a)X(t), 0<a<1.

Proof. From Theorem 3.2 and Lemma 3.3, we have

X9 (t) = a(ADX () + H(t)) + (1 — o) (AP () X (t) + H*(1)).
According to Theorem 3.3 and Lemma 3.4, we can obtain

XO(t) = a(A7(#)X(t) + HO(t)) + (1 — a) (AD)X (1) + H(1)).
Hence

XOo(t) = aX e (t) + (1 — )X (t) =
o 10l [ AWX(O) +H(E)  AOXP(E) + HP(t)} { o }
A7()X@)+ HO(t) A@)X(t)+ H(t) 1—af’
The proof is completed. O

Remark 3.2. In Theorem 3.4, X(t) can also be written as

t

X(t) =é4(t,t0)Xo + oz/ ea (t, J(T))H(T)AT +(1- a)/ éalt,7)H? (T)AT.

to to
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4 Quaternion impulsive non-homogeneous matrix com-
bined dynamic equation

In this section, we will derive the fundamental solution matrix and Cauchy
matrix of quaternion impulsive non-homogeneous matrix combined dynamic
equations.

Consider a quaternion impulsive non-homogeneous matrix combined dy-
namic equation as follows:

H(t)  AP(H)XP(t) + HP(t)
Ho(t)  AW)X(t)+ H(t)

« (1
X L_a], t# tg,

6X(t) = BSX(t)7 t= ts7 X(tO) = XO S ann,

X0 () = [a 1 —a]

+
+

~

where A, H: T —-Q"", B; e Q""" 0<a<1,t; <tsy1,s € Z and

o {):((a(ﬁ))):f(t), t=t; 5>0 (2)

ts, s <O.

b
—
)
~
J
~—
I
b
—~
~
~
I

Remark 4.1. For the impulsive term (2), $X (1) = X(t7) — X(t) for the
right dense point ty (s > 0); X (t) = X(U(t)) — X(t) for the right scattered
point ty (s > 0). Similarly, $X (t) = X(t7) — X (t) for the left dense point t,
(s <0); OX(t) = X(p(t)) — X(t) for the left scattered point ty (s < 0).

Theorem 4.1. For the quaternion impulsive matriz dynamic equation (1), if

there exist finite number of points ts in any compact interval [a, bl with a < b,
and the matrices I + By are nonsingular for all s € Z. Then a fundamental
solution matriz of (1) is given by

Eatt )| T (14 Broa)ealtron, pltr )T+ Bor)éalts,t0)Xo
(DA,H =93 + 72? livﬁll (I + Bl,l)éA(tlfl,p(tli))(I + Bv—l)]EA,H(tv—lyp(t;))

F(I+B-s)EBa,m(t—s,p(t_ g1 1))| +Eam(t,ptZ), p(t—,_1) <t <p(t,),

1
[T (I+Br1)éaltr—1,p(t:))(I+ B-1)éa(t-1,t0)Xo
r=-—s+1
D= —s4+2 wv-—1 3 _ _
’ + > (I+Bi—1)éaltiz1, p(t7 ) (I + Bo—1)Ea 1 (tv—1,p(t5))
v=—1l=—s+1

+(I + B*S)EA,H(tfs’ P(t:5+1))7 t=p(t_,),
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éat,to)Xo +Ea m(t,to), pt=,) <t<o(t]),
1 s—2 w41
[T (4 Brg1)éaltrer, o)+ B1)éa(tr, to)Xo+ > II (I+ Big1)

DPAH =1 r=s-1 v=11l=s1
xéa(tiv1,0(t)) (I + Bog1)Ba, g (tvr1,0(td)) + (I + Bs)Ea,m(ts,o(t]_ ),
t=o(td)

- S bl
and

eattote))|

San =2+ TI (1+Bis1)éaltion oI+ Bos)Ean(tors,otd) ()

v=1l=s—1

+(I+ BS)EA,H(ts,a(t;tl))} +Eau(tot!)), otd) <t<o(tl,),

T1 (14 Brs)éaltrn, o)+ B)éaltr, o) Xo

s 1

where Ex u(t,y) = a [ ea(t,o(r) H(T)AT+(1—a) [) éa(t, T)H (1)A7, 0 <
a<l.

Proof. For s > 0, by Theorem 3.4, one can obtain

éa(t,to)Xo +Eapm(t,to), to <t<a(t),
X(t) = (I +B)X(ts), t=o(t]),
éalt,o(t)X (o(t)) + Eau(t,ot])), o) <t <o(tiy).

Similarly, for s < 0, we have

éA(lf, to)Xo + EA,H(t,t0)7 p(t:l) <t <t,
X(t) = (I+BS)X(ts)a t:p(ts_),
€alt,p(t;)X(p(ts)) +Eam(t,pty)), plts_q) <t <p(ty).

Hence (3) is a fundamental solution matrix of (1). The proof is completed. O

In the following example, we will demonstrate all elements which are re-
quired to calculate the fundamental solution matrix of (1) given by (3) on
different types of time scales.

Example 4.1. In (3), forh>0,q>1,0<a <1, t; > ts,, we have

e}
I+ zl f;Sl Altn) f::; A(tn_1) ... fttfl A(ty)dty ... dt,_1dt,, T =R,
o

ts—ts ts—ts
25 781 %_(n_g)

éalts ts;) = a([ + f)l R™ "ﬁl A(ts — 7ih) > Alts, + ﬁh)) +(1—a) (1
n= n=1

n=0

o0
+ 21 i Aa(tn)...f;zgtz)Aa(tl)Atl...Atn>, T = hZ,
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Ints—Intgy Ints—Intsy

Ing (a=1)" t Ing —(n-2) ) ’
06(1'*‘ > W H Altsq™™) > A(tﬁqn)tsﬂ")
n=1 P} n=0

éalts ts1) =\ 41— )(1+ > ffs Af’(tn)...ft‘:??)A"(tl)Atl...Atn>, T=q?

fj:l (1+ 21 JEA(tn) ... [P A(tr)dty . ..dtn)H(T)dT, T=R,
e

and
ts—htsl 1 ts—tslz(ﬁ#»l)h i ts—htsl —(ftn—1)
a 3 (1+ ) h 1 A(ts — ih) > Alts,
n=0 n=1 n=1 n=0
ts—tsg .
+7’zh)>H(tsl Fiahh+1—a) % (H—
n=0
z 2 an AT (k). t‘:itj)ﬁhA”(tl)Atl...Atn)H(tsl + #h+ h)h,
T= hz,
Calts,tsr) = PRt e pyrtign—1 n=l ~
S S S SR L
=0 n=1 ¢z
Lo (ign-1)
x > Aty )t ") H(ty )ty " 4+ (1= )
n=0
lmsl;l:tSI -1 Xt o(ta)
<8 @01+ B L A7) O a8 A
#=0 n=1"ta19 ts19

><H(t51q’3+1)t51q’37 T = qu,

Forts <ts,, we have

I+ Z ft A(tn) Atn—1).. f A(t1 )dty ...dty—1dtn, T=R,
04<1+ > A tn)f L Atn1) ft2 A(tl)Atl...Atn_lAtn)
eA(t37ts1) = n=1 to—t o to—t
| =L n—1 | ==L = (n—2)
ta-a(re B enr T AC+mn TS A i),
n=1 n=1 n=0
T = hZ,
a([ + ft; A(t")j;f; A(tn_1). A.ffs?l A(ty) Aty . A.Atn,lAtn)
n=t Ints—Ints,
‘ Ing | - 1] (n=2)(n-1) "= 1
iatiot) = +a-a)(1e E a-ore e T T A
=

Ints—Ints,
|2t |~ (n—2)

x = A(tslq’ﬁ)tslq*ﬁfl), T = ¢*
n=0
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and

(1+ z [PA@n) ... [ A(tl)dtl...dtn)H(T)dT, T =R,

fg fgl ‘

o0
a (1 + 3 JE i A) o S22 A AR Atn)

n=1

‘ts tsy | lts—t51+nh‘
h
X H(ts, — nh)(=h) + (1 — a) Z (I + > (—h)ntl
n=1 n=1
no1 e RUR)
x [] A(ts + Ah) ) Alts, — ﬁh))H(tsl — ith+ h),
A=1 7=0
T = hZ,

Ints—Int
Ea m(ts,ts;) = |“Sln7:51‘,1

a uz_jo (I+ Z ft g1 Altn) - ft i A(tl)Atl...Atn>
- Ints—Ints,

| Tog |
XH(tsq™)(1 — q)tsq™ + (1 — @) > (I
Ints—Ints, =t
I

(n— 2)(71 1y n
+ o -orti “q H A(tsq™)
n—=
| L |~ (74 n—2) , / ) )
X Z A(tslqin)tslqin71>H(tslqinJrl)tslqin:
n=0

T = ¢Z.

Example 4.2. In (3), let T=N, t; =3m —1, m € NT,

L (— 1) . sin(tm+%) . (— 1) . sin(tm+%)
++ + 7 + + + 7
A(t) = H(t-2) = ar +i J 1 1 Col(t - J - 4“1)”177
0 i i i
Then
ea(B3n—-1,3m—-3) = I+A@Bm—3)+ABm—2)

+A(3m —2)A(3m —3) = Ly,

I+ZZA"3m 1)A™"(3m — 2) = Lo,

éa(3m—1,3m —3)

n=1n=0

3m—1

Ly = / ea(3m —1,0(7))H(T)AT
3m—3

= H@Bm-—3)+ A(Bm —2)H(3m —3) + H(3m — 2),

3m—1

Ly, = / éa(B3m —1,7)H(1T)AT
3m—3

- (1 + i A™(3m — 1)>H(3m ~1)
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- <I + f: f: A™(3m — 1) A" (3m — 2))

n=1n=0
x H(3m — 2),
where
Ly =
5-3(—1 3m—2 i+j 5-3(—1 3m—2 i+
1+ 467275 + 2 ( 4§m72 (Z J) 467275 + ( 422'77152 (,; ])
P 54+3(—1)3"M—2 (45 )
0 1 + 467375 + 2 ( 4;7n72 (Z ])

Lo

© P4 i) (—1)3m—1)™ A P4 i) (—1)3m—1)"—L
Sy 1 1+ G+ 5)(-1) ) l§)3(1+( +7)(-1) )

43mn—2n+h

n=1n=0 0 (1 _ (’L _;’_‘7')(_1)377171)’;L
o sm_1yn—n < L 3m_1yn—h—1
(1= (@GE+)(=1>m1 > 31— (i44)(=1)3m"T)
=0 . + Ia
0 (L4 @ +g)(=1)mt)
Ls =
P 3m . . B 3m .
Lt qomg + P20 (B by 4 IR0
0 1+ 4673—3 + 5+3(7i§1n Gt)

Ly =
o) . . 3m—1\n+1 ntl 1 . . 3m—1\n+1-1
S L (L+ (i +5)(-1) ) ZZ U1+ (i +4)(-1) )

43m(n+1)—n+1 =0 ‘ 4 "
" 0 (1= G+ H(-1Pm=t)™*!
Ty 1 (L4 G+DEDYT 23 (14 @+ (=nP )™

A3m(n+1)—2n+n =0 N
n=1n=0 4 0 (1 _ (’L +j)(71)3m—1)
_n n—n-+1 ) ) e
N L G e D S S D
=0
0 (1+ (i + j)(=1)3m-1)" "+
5-3(=1)3"H 1 (itj)  5-3(=1)3"F1(itj)
23m+1 BmTT
- 0 543(=1)%" 1 (idj) |
A3m+1

By Theorem 4.1, the following theorem is immediate.
Theorem 4.2. The cauchy matriz of (1) is given by:

éA(tv y) + IEA,H(tv y)7 ts—1 <t,y<ts, t_s—1 <t,y<t_s,

éalt,o(t)) (I + Bs)[éalts,y) +Ea m(ts,y)] +Ea ult,o(td)),
W(ty) = ts—1 <y<ts<t<tsyi,

éaltots)(I+Bs) ' [éalo(td), y) + Eau(o(t), y)] +Ea m(t,ts),

ts—1 <t <ts <y§ts+17
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éA(t) p(t:s))(] + B*S) [éA(tf.S:y) + EA,H(tfsu y)] + ]EA,H(t7 p(t:s))u
tos—1 <t<t_s<y<t_sy1,

éA(tvt—S)(I + B—S)71 [éA(p(t:s)ry) +]EA,H(/)(t:s)vy)] +]EA,H(t7t—S)7
tos—1 <y<itos <t<it_s41,

W(tv y) =

s1+1
éalt,oINS TI (T4 Bpéalty, ottt NI+ Bsy)[éa(ts,,y) +Eam(ts,,v)]
; -1

l=s

S T (4 B)éattn o6 ) + Bo)Ea s (o o(te—1))

v=s1+1 l=s
+(I + Bs)Ea,m(ts, O'(tsfl))} +Ea m(t,o(t])),

to;—1 <y <ts <ts <t<tsyr,

s—1
, -1, —1rg
eA(t7t51){ I (1+By) eA(U(t?)’tl'+1)(I+ Bs) " [éalo(td),y)

l=s1

+Ea,m (o), v)] + Sil Ul:II (I+By) " éalo(t), trs1)

v=s1+1l=s1
-1
X(I+Bv) Eam(o(td), tor) + (I + le)lEA,H(a(tjl),tsl+1)}
+]EA,H(t7tsl)7 tsg—1 <t < ts; <ts <y < tsti,

W(t,y) =

—1

éa(t,p(t_,)) _Sﬁ (I+ B[)éA(t[7 Pt ))(I+ B*S1) [éA(tfslvy)
. +1

l=—s

+EAH(t—s1, )] + 752%1 v]:[I (I + Bi)éa(ts, p(t5 1))

v=_e—li=—s

(I + BBttt pltoss)) + (1 + st)EA,Hms,p(t:;H))}
FEA,HEp(A_,)), t—s—1 St <t_s <t_g <y <t_s +1,

eatttea{ T (14 B 7 ealolt))ton) (14 B-) 7 Feato(t=).0)

l=—s1

W(t,y) =

_ —s+1 v+1 1 _ 1
+EAu(p(t= ). 9]+ X II (I+B1) éalp(t; ) ti-1)(I + Bu)

v=—51—1l=—s1

— -1 —
XEa,m(p(ty ), tv—1) + (I + B—s;) EA,H(P(tfsl)atfslfl)} +Eam(tt-s),
tos—1 Sy<t—s <t—s <t<t_si41,

4 2 4 —s+1 _1
éA(t,U(tsl)){ I1 (I+B[)éA(ti,U(ti_1))(I+ Bi) |:éA(t1;t71)( H (I+B))

i:sl l=—1

%en((t7 )t ) (T + Boo) " [ea(p(t=,),9) + Ea st (pt=,), )]
—s+1 v+1
ST (4 B eatolt ) o) (I 4+ Bo)  Ea (p(t), to-1)

v=—2]=-—1
Wity) =4 +(1+ Bfl)_lEA,H(P(til),t&)) +]EA,H(tl7t71):|
v+
+ VE VH (I-‘rB[)éA(tl*,O'(tlﬂll))(I-‘rB@)EAyH(t«(;,O'(tf,fl))
I+ le)EA,H(tsl,auSlfl))} T+ Ean(to(th),
tos—1 Sy <t—s <ts <t<ts 41,
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and

W(t, y) =

—2 s1—1
eatto= ){ TT (14 Beatt ot )1+ Boy) [eateren (T @

l=—s =1
-|—B[)_1éA(o(t?'), tro ) (I + Bsy) ' [éa(o(td),y) + Eam(o(td),v)]
s1—1lov—1

+ 2_:2 ll:ll (I+B) "éalo(t), i) (I + Bo) " Eam(o(t), tos1)

+(I+ B1)Ea,u(ot]), t2)) +Eam(t-1, tl)}

S By)éa(tp p(ty, ) (I + Bo)Ea u (to, p(ts 1)) + (I + B—s)

=12,

X]EA,H(tfsvp(t:ile))} +]EA,H(t7 p(t:s)), tso1 <t<t_s < ts; <y < t51+17

where B4 g (t,y) = afyt ea(t,o(r))H(T)AT+(1—«) f; éa(t,T)H?(1)AT, 0 <
a<1,seNt,
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