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1. INTRODUCTION 

A number of earlier works on the subject of fractional calculus give interesting 

account of the theory and application of fractional calculus operators in many different 

areas of mathematical analysis. In this paper, we define the Fractional Derivatives 

involving A – function of multivariable and derive two main theorems involving 

Fractional Derivative of the product of A – function of multivariable and the Horn’s 

function. Some new and known results are also established as special cases of our 

main results. The  Fractional  Derivative  of  the  product  of  the  multivariable  A – 

function  and Horn’s  function  has  not  been established so far, and  some  new  

Fractional  Derivative  formulae  for  the  product  of  the  multivariable  A – function  

and  Horn’s  function  are  derived  by making  use  of  generalized Leibnitz rule. 

Recently, Berndt and Bowman [1], Chaurasia and Godika  [2], Saxena [3], Tripathi et 

al [4] gives  some  integrals  and  series.  

 

Gautam and Asgar [5, 6], Ram and  Kumar [7], Srivastava and Panda [8] and several 

other authors have evaluated  some  definite  and  indefinite  integrals  involving  the  

A – function  of  one, two  and  multivariables.   
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2. DEFINITION OF FRACTIONAL DERIVATIVE 

Following Oldham and Spainer [9], we define the (Riemann Liouville) fractional 

derivatives of a function f(x) of complex order 𝜗 or alternatively (𝑎 − 𝜗)𝑡ℎ   by the 

following 

      𝛼𝐷𝑥
𝜗{𝑓(𝑥)} = {

1

⎾(−𝜗)
∫ (𝑥 − 𝑡)−𝜗−1𝑓(𝑦)𝑑𝑦 , 𝑅𝑒 (𝜗) < 0,

𝑥

𝛼

𝑑𝑛

𝑑𝑥𝑛 𝛼𝐷𝑥
𝜗−𝑘{𝑓(𝑥)}, 0 ≤ 𝑅𝑒 (𝜗) < 𝑛,

                                       (2.1) 

where n is a positive integer . 

For simplicity, the special case of the Fractional Derivative Operator 𝛼𝐷𝑥
𝜗 when 𝛼 =

0 will be written as 𝛼𝐷𝑥
𝜗 .  Thus, we have 

       0𝐷𝑥
𝜗 = 𝐷𝑥

𝜗.                                                                                            (2.2) 

 

3. MAIN RESULTS 

THEOREM 1.  If  min{𝜌𝑟,𝜎𝑟} > 0, | arg(𝑥 𝜉⁄ ) | <  𝜋, Re (m) +𝜌𝑟 min {Re (𝑏𝑗,𝛽𝑗)}>

 −1 (𝑗 = 1, … . , 𝑟),|𝑧𝑟𝑥𝜌𝑟  |  <  𝑟1, |(𝑥 + 𝜉)𝜎𝑟 𝑧𝑟 | < 𝑟2, 𝑟1 + 𝑟2 = 1 ;  then 

𝐷𝑥
𝜗{𝑥𝑚(𝑥 +

𝜉)𝜆𝐴𝑝𝑟,𝑞𝑟:𝑌

0.𝑛𝑟;𝑋
[
𝑧1𝑥𝜌1(𝑥 + 𝜉)𝜎1

⋮
𝑧𝑟𝑥𝜌𝑟(𝑥 + 𝜉)𝜎𝑟

| ,…,…
,…,…,

] 𝐺1(𝛾, 𝛿, 𝛿′: 𝑍2 𝑥𝜌2,(x+ξ)𝜎2𝑧3, . . , . . , 𝑧𝑟)} 

=∑
(𝛾)𝑟+𝑠(𝛿)𝑠−𝑟(𝛿)′

𝑟−𝑠

(𝑟)!(𝑠)!
∞
𝑟,𝑠=0 (𝑧2𝑥𝜌2 )𝑟(𝑧3𝜉𝜎2)𝑠𝑧𝑟𝜉𝜆𝑥𝑚−𝜗 ∑

(𝑥 𝜉⁄ )𝑅

(𝑅)!
∞
𝑅=0  

𝐴𝑝𝑟+2,𝑞𝑟+2:𝑌

0.𝑛𝑟+2;𝑋
[
𝑧1𝜉𝜎1𝑥𝜌1

⋮
𝑧𝑟𝜉𝜎𝑟𝑥𝜌𝑟

|
(−𝜆−𝜎2𝑠,𝜎1,…..,𝜎𝑟),(−𝑅−𝑚−𝜌2𝑟,𝜌1,…,..𝜌𝑟),…,……

….,….(𝑅−𝜆−𝜎2𝑠,𝜎1,…,..𝜎𝑟)(𝜗−𝑚−𝑅−𝜎2𝑠,𝜌1,….,…,𝜌𝑟)
].              (3.1)    

PROOF. We first replace the A – function of multivariable occurring on the left 

–hand – side by its Mellin –Barnes type contour integral and Horn’s function 𝐺1, and 

changing the order of integration and differentiation, which is readily justified in view 

of conditions stated above and collecting the powers of x and (x+ξ), we get 

∑
(𝛾)𝑟+𝑠(𝛿)𝑠−𝑟(𝛿)′

𝑟−𝑠

(𝑟)! (𝑠)!

∞

𝑟,𝑠=0

 𝑧2
𝑟𝑧3

𝑠
1

(2𝜋𝜔)𝑟  ∫𝐿1
, … . , ∫𝐿𝑟

∅(𝑠1, … . . , 𝑠𝑟) ∏ ∅𝑖

𝑟

𝑖=1

(𝑠𝑖)𝑧𝑖
𝑠𝑖  

            {𝐷𝑥
𝑣𝑥𝑚+𝜌1𝑠+𝜌2𝑟𝛼(𝑥 + 𝜉)𝜆+𝜎1𝑠+𝜎2𝑟)} d𝑠1, … , 𝑑𝑠𝑟           (3.2) 
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Now, applying well known binomial expansion , we have  

∑
(𝛾)𝑟+𝑠(𝛿)𝑠−𝑟(𝛿)′

𝑟−𝑠

(𝑟)! (𝑠)!

∞

𝑟,𝑠=0

 𝑧2
𝑟𝑧3

𝑠
1

(2𝜋𝜔)𝑟
 ∫

𝐿1
, … . , ∫

𝐿𝑟
∅(𝑠1, … . . , 𝑠𝑟) ∏ ∅𝑖

𝑟

𝑖=1

(𝑠𝑖)𝑧𝑖
𝑠𝑖𝜉𝜆+𝜎1𝑠+𝜎2 𝑟 

    𝐷𝑥
𝑣𝑥𝑚+𝜌1𝑠+𝜌2𝑟 ∑ (𝜆+𝜎1𝑠+𝜎2𝑟

𝑅
)∞

𝑅=0 (
𝑥

𝜉
)

𝑅
d𝑠1, … , 𝑑𝑠𝑟 .                              (3.3) 

Making use of the formula [the result Oldham and Spanier [9]], we get  

∑
(𝛾)𝑟+𝑠(𝛿)𝑠−𝑟(𝛿)′

𝑟−𝑠

(𝑟)! (𝑠)!

∞

𝑟,𝑠=0

1

(2𝜋𝜔)𝑟
 ∫

𝐿1
, … . , ∫

𝐿𝑟
∅(𝑠1, … . . , 𝑠𝑟) ∏ ∅𝑖

𝑟

𝑖=1

(𝑠𝑖)𝑧𝑖
𝑠𝑖𝜉𝜆+𝜎1𝑠+𝜎2 𝑟−𝑅 

×
⎾[1 − (−𝜆 − 𝜎2𝑠) + 𝜎1𝑠, … , 𝜎𝑟𝑠]⎾[1 − (−𝑚 − 𝑅 − 𝜌2𝑟) + 𝜌1𝑠, … , 𝜌𝑟𝑠]

(𝑅)! ⎾[1 − (𝑅 − 𝜆 − 𝜎2𝑆) + 𝜎1𝑠, … , 𝜎𝑟𝑠]⎾[1 − (𝜗 − 𝑚 − 𝑅 − 𝜌2𝑟) + 𝜌1𝑠, … , 𝜌𝑟𝑠]
 

        × (𝑧2𝑥𝜌2)𝑟(𝑧3𝜉𝜎2)𝑠𝑥𝑚+𝜌1𝑠+𝜌2𝑟+𝑅−𝜗𝑧1
𝑠, … , 𝑧𝑟

𝑠d𝑠1, … , 𝑑𝑠𝑟                         (3.4) 

If we interpret the resulting Mellin–Barnes contour integral as an A- function of 

multivariable, we shall arrive (3.1). 

       

THEOREM 2. If min{𝜌𝑟,𝜎𝑟} > 0, | arg(− 𝑥 𝜉⁄ ) | <  𝜋, Re (m) +𝜌𝑟 min {Re 

(𝛿𝑗,𝛾𝑗)}>  −1 (𝑗 = 1,2, … . , 𝑟), |𝑧2(𝑥 − 𝜉)𝜌𝑟|  <  𝑟1, |(𝜂 − 𝑥)𝜎𝑟 𝑧𝑟 | < 𝑟2, 𝑟1 + 𝑟2 + 𝑟𝑛 = 1 ;  

then 

𝐷𝑥
𝜗{(𝑥 − 𝜉)𝜆(𝜂 − 𝑥)𝜆𝐴𝑝𝑟,𝑞𝑟:𝑌

0.𝑛𝑟;𝑋
[ 

𝑧1(𝑥 − 𝜉)𝜌1(𝜂 − 𝜉)𝜎1

⋮
𝑧𝑟𝑥 − 𝜉)𝜌𝑟(𝜂 − 𝜉)𝜎𝑟

| …….,…….
…….,…….

] 

𝐺1(𝛾, 𝛿, 𝛿′: 𝑍2 𝑥𝜌2,(x-ξ)𝜎2 , (𝜂 − 𝑥)𝜎𝑟𝑧3 , … , . . , 𝑧𝑟)} 

  =  ∑
(𝛾)𝑟+𝑠(𝛿)𝑠−𝑟(𝛿)′

𝑟−𝑠

(𝑟)!(𝑠)!
∞
𝑟,𝑠=0  [(𝑧2(−𝜉)𝜌2 ]𝑟 [𝑧3𝜂𝜎2]𝑠 (-ξ)𝑚(𝜂)𝜆 

∑ ∑
𝑥−𝜗 (𝑥 𝜉⁄ )𝑅1(𝑥 𝜂⁄ )𝑅2

(𝑅1)!(𝑅2)!
∞
𝑅2=0

∞
𝑅1=0

⎾(𝑅1+𝑅2+1)

⎾(𝑅1+𝑅2−𝜗+1)
  

𝐴𝑝𝑟+2,𝑞𝑟+2:𝑌

0.𝑛𝑟+2;𝑋
[
𝑧1(−𝜉)𝜌1𝜂𝜎1

⋮
𝑧𝑟(−𝜉)𝜌𝑟𝜂𝜎𝑟

|
(−𝜆−𝜌2𝑠,𝜌1,…..,𝜌𝑟),(−𝜌−𝜎2𝑠,𝜎1,…,..𝜎𝑟),…,……

….,….(𝑅1−𝑚−𝜌2𝑟,𝜌1,…,..𝜌𝑟)(𝑅2−𝜎2𝑠,𝜎1,….,…,𝜎𝑟)
].         (3.5)  

PROOF. we first replace the A-function of several variable occurring on the left 

– hand side by its Mellin –Barnes type contour integral and Horn’s function 𝐺1 by its 

definition and changing the order of integration and differentiation, which is readily 

justified in view of conditions stated above and collecting the powers of (x-ξ) and (𝜂-

x), we get 



34 R. Sharma, B. Tripathi and A. Dubey 

 

 
 

∑
(𝛾)𝑟+𝑠(𝛿)𝑠−𝑟(𝛿)′

𝑟−𝑠

(𝑟)! (𝑠)!

∞

𝑟,𝑠=0

 𝑧2
𝑟𝑧3

𝑠
1

(2𝜋𝜔)𝑟  ∫𝐿1
, … . , ∫𝐿𝑟

∅(𝑠1, … . . , 𝑠𝑟) ∏ ∅𝑖

𝑟

𝑖=1

(𝑠𝑖)𝑧𝑖
𝑠𝑖  

       {𝐷𝑥
𝑣(𝑥 − 𝜉)𝑚+𝜌1𝑠+𝜌2𝑟 × (𝜂 − 𝑥)𝜆+𝜎1𝑠+𝜎2𝑟)} d𝑠1, … , 𝑑𝑠𝑟                     (3.6) 

 

Now, applying well known Binomial expansion, we have  

∑
(𝛾)𝑟+𝑠(𝛿)𝑠−𝑟(𝛿)′

𝑟−𝑠

(𝑟)! (𝑠)!

∞

𝑟,𝑠=0

 𝑧2
𝑟𝑧3

𝑠
1

(2𝜋𝜔)𝑟
 ∫

𝐿1
, … . , ∫

𝐿𝑟
∅(𝑠1, … . . , 𝑠𝑟) ∏ ∅𝑖

𝑟

𝑖=1

(𝑠𝑖)𝑧𝑖
𝑠𝑖(−𝜉)𝑚+𝜌1𝑠+𝜌2 𝑟 

× (𝜂)𝜆+𝜎1𝑠+𝜎2𝑟𝐷𝑥
𝑣  ∑ (𝑚+𝜌1𝑠+𝜌2𝑟

𝑅1
)∞

𝑅1=0 (
−𝑥

𝜉
)

𝑅1
∑ (𝜆+𝜎1𝑠+𝜎2𝑟

𝑅2
)∞

𝑅2=0 (
−𝑥

𝜂
)

𝑅2

} 

𝑧1
𝑠, … , 𝑧𝑟

𝑠 d𝑠1, … , 𝑑𝑠𝑟                                                                               (3.7) 

Making the use of the formula [the result Oldham and Spanier [9]], we get  

∑
(𝛾)𝑟+𝑠(𝛿)𝑠−𝑟(𝛿)′

𝑟−𝑠

(𝑟)! (𝑠)!

∞

𝑟,𝑠=0

 𝑧2
𝑟𝑧3

𝑠(−𝜉)𝑚+𝜌1𝑠(𝜂)𝜆+𝜎1𝑠  ∑ ∑
(−1)𝑅1+𝑅2 (

𝑥
𝜉

)
𝑅1

(
𝑥
𝜂

)
𝑅2

𝑥−𝜗

(𝑅1)! (𝑅2)!

∞

𝑅2=0

∞

𝑅1=0

 

⎾(𝑅1+𝑅2+1)

⎾(𝑅1+𝑅2−𝜗+1)
 

1

(2𝜋𝜔)𝑟
 ∫

𝐿1
, … . , ∫

𝐿𝑟
∅(𝑠1, … . . , 𝑠𝑟) ∏ ∅𝑖

𝑟
𝑖=1 (𝑠𝑟)𝑧𝑖

𝑠𝑟(−𝜉)𝜌1𝑠(-𝜂)𝜎1𝑠 

×
⎾[1 − (−𝑚 − 𝜌2𝑟) + 𝜌1𝑠, … , 𝜌𝑟𝑠]⎾[1 − (−𝜆 − 𝜎2𝑠) + 𝜎1𝑠, … , 𝜎𝑟𝑠]

⎾[1 − (𝑅1 − 𝑚 − 𝜌2𝑟) + 𝜌1𝑠, … , 𝜌𝑟𝑠]⎾[1 − (𝑅2 − 𝜎2𝑆) + 𝜎1𝑠, … , 𝜎𝑟𝑠]
 

          𝑧1
𝑠, … , 𝑧𝑟

𝑠 d𝑠1, … , 𝑑𝑠𝑟  .                                                             (3.8) 

If we interpret the resulting Mellin –Barnes contour integral as an A- function of 

multivariable, we shall arrive (3.5).  

 

4. SPECIAL CASES OF (3.1) AND (3.5) 

(1) Putting 𝜎𝑟 → 0 another four Fractional Derivative formulae corresponding 

to (3.1)  and (3.5): 

𝐷𝑥
𝜗𝑥𝑚(𝑥𝜉)𝜆𝐴𝑝𝑟,𝑞𝑟:𝑌

0.𝑛𝑟;𝑋
 [ 

𝑧1(−𝜉)𝜌1𝜂𝜎1

⋮
𝑧𝑟(−𝜉)𝜌𝑟𝜂𝜎𝑟

| ….,….
….,….

] 𝐺1(𝛾, 𝛿, 𝛿′: 𝑍2 𝑥𝜌2,(x+ξ)𝜎2𝑧3, . . , . . , 𝑧𝑟)} 

=∑
(𝛾)𝑟+𝑠(𝛿)𝑠−𝑟(𝛿)′

𝑟−𝑠

(𝑟)!(𝑠)!
∞
𝑟,𝑠=0 (𝑧2𝑥𝜌2 )𝑟(𝑧3𝜉𝜎2)𝑠𝑧𝑟𝜉𝜆𝑥𝑚−𝜗 ∑

(𝑥 𝜉⁄ )𝑅

(𝑅)!
∞
𝑅=0  

×
⎾(1+𝜆+𝜎2𝑠)

⎾(1+𝜆+𝜎2𝑠−𝑅)
𝐴𝑝𝑟+1,𝑞𝑟+1:𝑌

0.𝑛𝑟+1;𝑋
 [

𝑧1𝑥𝜌1

⋮
𝑧𝑟𝑥𝜌𝑟

|
(−𝑅−𝑚−𝜌2𝑟,𝜌1,…,..𝜌𝑟),…,……

….,….(𝜗−𝑚−𝑅−𝜎2𝑠,𝜌1,….,…,𝜌𝑟)
],         (4.1)  
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min{𝜌𝑟,} > 0, | arg(𝑥 𝜉⁄ ) | <  𝜋, 

Re (m) +𝜌𝑟  min {Re (𝛿𝑗,𝛾𝑗)}>  −1 (𝑗 = 1, … . , 𝑟), 

|𝑧𝑟𝑥𝜌𝑟|  <  𝑟1, |(𝑥 + 𝜉)𝜎𝑟 𝑧𝑟 | < 𝑟2, 𝑟1 + 𝑟2+, … , 𝑟𝑛 = 1 ; 

        𝐷𝑥
𝜗{(𝑥 − 𝜉)𝜆(𝜂 − 𝑥)𝜆𝐴𝑝𝑟,𝑞𝑟:𝑌

0.𝑛𝑟;𝑋
[
𝑧1(𝑥 − 𝜉)𝜌1

⋮
𝑧𝑟(𝑥 − 𝜉)𝜌𝑟

| ….,….
….,….

] 

        × 𝐺1(𝛾, 𝛿, 𝛿′: 𝑍2 ,(x-ξ)𝜌𝑟 , (𝑥 − 𝜂)𝜎𝑟𝑧3 , … , . . , 𝑧𝑟)} 

                                                          =  ∑
(𝛾)𝑟+𝑠(𝛿)𝑠−𝑟(𝛿)′

𝑟−𝑠

(𝑟)!(𝑠)!
∞
𝑟,𝑠=0  [(𝑧2(−𝜉)𝜌2 ]𝑟 [𝑧3𝜂𝜎2]𝑠 (-ξ)𝑚(𝜂)𝜆 

         ∑ ∑
𝑥−𝜗 (𝑥 𝜉⁄ )𝑅1(𝑥 𝜂⁄ )𝑅2

(𝑅1)!(𝑅2)!
∞
𝑅2=0

∞
𝑅1=0

⎾(𝑅1+𝑅2+1)

⎾(𝑅1+𝑅2−𝜗+1)
 ×

⎾(1+𝜆+𝜎𝑟𝑠)

⎾(1+𝜎𝑟𝑠−𝑅2)
 

          𝐴𝑝𝑟+1,𝑞𝑟+1:𝑌

0.𝑛𝑟+1;𝑋
[
𝑧1(−𝜉)𝜌1

⋮
𝑧𝑟(−𝜉)𝜌𝑟

|
(−𝑚−𝜌2𝑟,𝜌1,…,..𝜌𝑟),…,……

….,….(𝑅1−𝑚−𝜌2𝑟1,𝜌1,…,..𝜌𝑟)(𝑅2−𝜎2𝑠,𝜎1,….,…,𝜎𝑟)
],                  (4.2)  

min{𝜌𝑟,} > 0, | arg(− 𝑥 𝜉⁄ ) | <  𝜋, 

Re (m) +𝜌𝑟  min {Re (𝛿𝑗,𝛾𝑗)}>  −1 (𝑗 = 1,2, … . , 𝑟), 

|𝑧2(𝑥 − 𝜉)𝜌𝑟|  <  𝑟1, |(𝜂 − 𝑥)𝜎𝑟 𝑧3| < 𝑟2, 𝑟1 + 𝑟2 + 𝑟𝑛 = 1 ;     
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