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1. Introduction

Let A;(p) denote the class of functions of the form:

flz)=2/+ Y @z (jpeN={12.}), (1.1)
k=j+p
which are analytic and p-valent in the open unit disc U = {z : |z| < 1}. We note that A;(p) =
A(p) and A;(1) = A. Following the investigations of Aouf [10] and Altintas [19], Chen et.
al [21], Keerthi et. al [28], Orhan [30] and Srivastava et. al [38], we denote T](p) the subclass
of A;(p) consisting of analytic and p-valent functions with negative coefficients which can
expressed in the form:
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flz)=2"— Y aZ" (>0, jpeN). (1.2)
k=j+p
A function f(z) € T;(p) is said to be p-valently starlike of order o if it satisfies the following
inequality:

Re{z}r(g)}>a (0<oc<pzel). (1.3)

We denote by T]-*(p, o) the class of all p-valently starlike functions of order ¢. Also a function
f(z) € Ti(p) is said to be p-valently convex of order ¢ if it satisfies the following inequality:

zf (2) .
Re{1+ f’(z)}>0 (0<o<pzel). (1.4)

We denote by Ci(p,o) the class of all p-valently convex functions of order . It follows from
(1.3) and (1.4) that

f(z) € Ci(p,0) &

The classes T]-*(p, o) and Cj(p, o) are studied by Owa [31,32], Aouf [8,9,11] and Yamaka [43].

The fractional g—calculus and the fractional of g—derivative operators in Geometric Function
Theory are investigated by sturdy of researchers (see, for example, [1,3,4,7,18,24,26,29,36,37,
39-42,44]). As well as this are generalized in one or more operators. In the general run, the
g—calculus is used in various fields of mathematics and physics.

For a function f(z) € A(p) given by (1.1) (with j = 1) and 0 < g < 1. Jackson’s g-derivative
(or g—difference) Dy, of a function defined on a subset of the complex space C is defined as
follows:

& /f) €T (p,0) (0<o<p). (1.5)

oo a0,
arf(z) = (1.6)
f'(0) forz =0,

provided that f'(0) exists. From (1.1) (with j = 1) and (1.6), we deduce that

Dopf(2) = [ply 2" '+ Y [k a2, (1.7)
k=p+1

where [k], is the g-integer number k defined by
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1— k n—1
K], = 1_‘; :1+k_21q", 0], =0,0<g<1. (1.8)

We note that

. 1 f(Z)—f(qZ)_ !
lm Dpf(z) = lim =a—0 = = f(2)

for a function f which is differentiable in a given subset of C. For a function f(z) € A;(p),
Aouf and Madian [15] defined the q-analogue p-valent Cétag operator I ,(A,1)f(z) : Aj(p) —
Aj(p) (n € No=NU{0},j,p €N, LA >0, 0<gq<1) as follows:

Io,(MD)f(2) = f(2),

A
I, (ADf(z) = (1—/\)f(z)+WDq,p(zlf(z))
a5 p+ 1+ A ([e+1, — [p+1],) -
k=j+p [p+l]q o
ByADFE) = (1= NB,ADFE) + oy D@, (A DFE)
q
2
oo [p+l]q+/\<[k+l]q—[p+l]q>
— P k
z +k§p [P+l]q agz",
By ADFE) = (- D ADFE) + oDy T A DFE) (e N). - 19)
q
From (1.1) and (1.9), we can obtain
(A f(z) =2F + i ¥r (kA Daz", (1.10)
k=j+p
where
l Alk+1] — l
¥y p(k Al = il 2 (Bl —lp ) (neNy, j,peN,I, A>0). (111

[p+1],
We note that
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(i) lim I

Jm I ADf(2) = (A Df(2), I (ADf(2) = 1§ (A, D) f(2),

i
hr? I;(A Df(z) = I”(/\,l)f(z) (see Catas [20]);
qg—1=

(ii) Ig, (LD f(z) = I

© (1, \"
{feA TR =2+ B (W) akzk,};
ne]NO,],pelNl>O O<q<1

(iii) 17, (A, 0) n (@)

k:]"!‘P [p]q
nc€Np, j,peN,A>0,0<g<1

ISV ) CETCRS)

(iv) Ig,(1,0)f(2) = Dy, f(2)

. © (K, \"
_ { f&Ailp): Dgpf(z) =2 > (ﬁ) e }
_]+p 7
nelNg, jpeN,0<g<1

where gm_ Dy, f(z) = D f(z) (see [13,16,27]);

) I (LDFG) = BOFG), lim BOF(2) = ') see 22,23)

(¥ 12, (1,0)f(2) = Dy (2), im D}, f(2) = DfE) (see [2,17);

(vii) Ig/l(l,O)f(z) = DJf(z) (see [25]), qlir?i Dif(z) = D"f(z) (see Séldgean [33]) and see

also [12,14].
Now by using q-analogue p-valent Catag operator I ,(A,1)f(z), we say that f(z) € Tj(p) is
in the class SC}; ,(j, A, I, &, B) if and only if

(1fa)qu,p(I;p()\,l)f(z
Re { S

))+azDq (2D p (12, (A1) f(2))
Srame ) > B
(mn€No,pjeN,0<g<LLA20,0<a<1,0<p<[p). (1.12)

We note that:
(1) hrn SCM(],A La,B) = SCZ(]',/\, l,a,B)

(A F ) e [ F(2))"
{f (2) € Ti(p) : Re {( N e HewTE) } > B 0sp<rph;
(ii) SCM(],A la,B) = SCpyq(j, o, B)

 Re J (102D4 f(2)-+02Dy Dy o 2) .
{£@) e Tp s Re { R T ) > L0 < B < I8, |
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(iii) SCM(],/\ 1,0,B) = Sz,q(j' AL B)

zDq,p (I, (A1) f(2))
{f@ e T s R { =ty } > B0 < < 1], }
9,0, AL B) = Spq(j, B)
zD, z
{f@ eTi(p): Re{ZHf2) > p0<p<[p], };
(iv) SCp,(j, A, 1,1, B) = C2 o (j, A, 1, B)
Dy,p(zDg,p(Igp (A1) f(2)))
{f2) € Ty(p) : Re { P titaisc il > 6,0 < B < [p], }
Cg,q(j/)\/ 1,B) = Cp,q(jrﬁ)
Dy »(zD z
{f(z) e Ty(p) : Re { P2l > g0 < < [p], };
(vi) lim Spq(j,0) =T (p,0) (0< o <p), qlir?i Cpqa(j,0) =Cij(p,o) (0< 0 <p);
(V11) 11m Spq(],)t I,B) =T(j,p,B) (see Altintas et al. [6]) and
q—)

111{1 SO (], AL B) = P(j, B) (see Altintas [5]);
q—)
(viii) hm SCqa( AL, B) = SCy(j, AL, B)

. 2(I (A1) f(2)) +az? (I} (A0) f(2))”
{f (2) € Tj(p) : Re { AN T } > P 0=p<p}.
The class SC}; (j, A1, &, B) explain the important relation between the new class S Cp,q (j, AL, B) and
Catas operator.

2. Coefficient estimates

Unless otherwise mentioned, we shall assume in the reminder of this paper that, n €
No, p,je N, LA >0,0<g<1,0<a<10<B< [p]q and ‘Pg,p(k,)x,l) is given by
(1.11).

Theorem 1. Let the function f(z) defined by (1.2). then f(z) belongs to the class SC}; ,(j, A, 1, &, B) if
and only if

(ee]

Y. (K, = B +a([k], — )%, (kA Dax < ([pl, — B)[1 +a([p], — 1)]. (2.1)

k=j+p

Proof. Assume that the inequality (2.1) holds true. Then we have

(U +pl, - Z [+ a([k], = DI¥, (kA Dag <
k=j+p
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) i (K], = B)[1 +a([k], = DY, (kA Dag < ([pl, — B)[1+a([p], — 1)],
=j+p
that is, that

5 1+ al(K], - ¥ A, g < o~ PPl 7 1)

R ' S (TR A 22

Since

1 +a(lpl, =D = Y (K, = B +a(lkl, = )]G, (kA Dagz""?

k=j+p

> [1 -+ a([p], ~ 1)] —ki (K], — B)[1 + a([K], — DI, (KA, Dag
=j+p

_ [+a(lpl, = DI+ 7l ],

[+ 7], — B -0

Then we find that

(1 = a)zDqp (I, (A, 1) f (2)) + azDyp(2Dg,p (I, (A, 1) f(2))) ]
(1= )12, (A 1)f(2) + azDy (12, (A, 1) f (2)) Plg

£ (K], = [Pl 1+ (K], = 1785, (2, Dag 24

1t allpl, =)= ¥ (e, = D164, Dag =7

Y ([Kly = [plp) [0+ a(lk], = DI¥G, (kA Dag

k= J+p

[1+a(lp], - 1)] - ) Z+ [1+ (K], = 1)]¥G ,(k, A, Day
=]TpP
This shows that the values of the function

(1 = a)zDy,p (I (A, 1) f(2)) + azDg,p(2Dy,p (15, (A, 1) f(2)))
(1 =) I3, (A, 1) f(2) +azDg,p (I, (A, 1) £ (2))
lie in a circle which is centered at w = [p], and whose radius is ([p], — ). Hence f(z) satisfies

q
the condition (1.12).
Conversely, assume that the function f(z) is in the class SC ,(j, A, I, &, B). Then we have

re d L= 80)2Dqp(Lgp(A, 1) f(2)) + 22Dq p(zDg p (I, (A, l)f(Z)))}
(1—06)1”( Df(2) +azDqp(I, (A, l)f( 2))

IN

P(z) = (2.3)
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(Pl el D= % K] [1+a((kl,~DI¥2, (kA a 257
= Re A > B. (2.4)
[1+D¢([P}q—1)}—k:%p[lﬂ([k]q—l)]‘Yﬁ,p(ka,l)ak -k—=p

For somen € Ny, p,j € N, LA >0,0<g<1,0<a<1,0<B< [p]qandz € U. Choose
values of z on real axis so that ®(z) given by (2.3) is real. Upon clearing the denominator in
(2.4) and letting z — 1~ through real values, we can see that

pl, 1+ a(pl,— D)= Y (K], [1+a((k], - DI¥2, (kA Dag
k=j+p
> 5{[1 fa(lpl, - D)= Y 1+ (K], - 1)1wg,p<m,z>ak} | 25)
k=j+p

Thus we have the inequality (2.1). This completes the proof.

Corollary 1. Let the function f(z) defined by (1.2) be in the class SC ,(j, A, L, a, B).
Then

(Ip), - B)[1 +a((p], — 1)
= (K, = B + K], = D)¥g, (kA ]
The result is sharp for the function f(z) given by

ay

(k>j+pjpeN). (2.6)

- pnal, -
&) =2 = g = B+ (], — DY, (kA1)
(k>j+p pjeN, LA>0,0<q<10<a<1,0<p<[p,). 2.7)

Putting « = 0 in Theorem 1, we obtain the following corollary.
Corollary 2. Let the function f(z) defined by (1.1). Then f(z) € S} (j, A, 1, B) if and only if

o0

Y. (kg = B)¥g (kA Da < ([pl, — B).

k=j+p

Putting & = 1 in Theorem 1, we obtain the following corollary.
Corollary 3. Let the function f(z) defined by (1.1). Then f(z) € Cp,(j, A, 1, B) if and only if

% k
D <ﬁ> (K], — B (A, Dae < ([p], — B).

k=j+p [P]q

Remark. Putting n = 0, j = 1 and letting 4 — 1~ in Corollaries 2 and 3, we obtain the results
obtained by Owa [32] and Aouf [9] with A =1 and B = —1.
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3. Distortion theorems

Theorem 2. Let a function f(z) of the form (1.2) belongs to the class SC}, ,(j, A, L, a, B).
Then

Y ([pl, - B+ a([p], — 1) R
L 7 e e sy e ) R
Z (Ip], - B+ a((p], — 1) e
< G PR el e, - 0, Grpan T D)

The result is sharp.

Proof. Since f(z) € SC};,(j, A, 1, &, B), in view of Theorem 1, we have
(Pl = Bl 7l = DY G p D) &
([p]; = AL+ a(lpl, — D] =
(K], — B + (K], — D]¥, (kA ]

<2 ), Pl el - 1)
which evidently yields

ap <1,

(Ip], - B)1 +a(lp], — 1)

L S (G, = Pl alli ], — ¥, G+ P A

Consequently, we obtain

F@] 212 — 27 Y a4

k=j+p
([plg = AL+ a(lp]y —1)] e

2 B g, B el 41, - DI, p 4D

and

F@I< 2l + Y a
k=j+p
(¢, - B+ a([p], — 1)] i

= G, P G, - DI, G A

437

(3.1)

(3.2)

(3.3)

which prove the assertion (3.1) of Theorem 2. The bounds in (3.1) are attained for the function

f(z) given by

(Ip), — B +a([p], — 1)] -
G+, ~ B+ ali+pl,— V¥, G+pAD"

flz) =2" =

(3.4)
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Theorem 3. Let a function f(z) in the form (1.2) belongs to the class SCy, ,(j, A, L a, B).
Then

(G +p)(pl, = B)[1 +a(lpl, —1)]

j+p—1
[+ P]q —B)[1+a([j+ P]q — 1)]‘1’[’1’,’[,(]' T, A0 | (3.5)

f (@) = plzlf™ = (
and
(G +p) ([pl, = AL+ a([pl, —1)]

(T +plg =B +alj+pl, = DI¥G,G+p AL
The bounds in (3.5) and (3.6) are attained for the function f(z) given by (3.4).

f ()] <plaff~ + 2P (z e U). (3.6)

Proof. From Theorem 1, we have

([ +pl, =B +allpl, - DY, +p A &

G p) (i, — BT al, -] &, %=
which evidently yields
= G+ p) ([p), — B[ +alp], — V)]
e RS G B a4 pl, — DY, G+ A D 37)
Consequently, we obtain
@)= pll =Y kay
k=j+p
) (i+p) (Ip), — B +allp], — V)] "
LP~1 q q Sjtp=1 .
S 7 e ) TN R ) R B
and
7@ PR+ Y kay
k=j+p
oty UTPWL RN, D

(G +ply =B +allj+pl, - DIYE,G+p,A L)
which prove the assertions (3.5) and (3.6) of Theorem 2. The bounds in (3.5) and (3.6) are
attained for the function f(z) given by (3.4).

Corollary 4. Under the hypothesis of Theorem 2, f(z) is included in the disc with center at the origin
and radius r given by

N (7], — B +a(lp], ~ 1)]
[+ pl, — B+l +pl, — V¥, G+ p 4D
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and f'(z) is included in the disc with center at the origin and radius R given by

G+ p) (), — B +a(lp], — 1]
[+ 71, — B+ a(li+pl, - DI¥5,G+ p AL

Theorem 4. Let a function f(z) in the form (1.2) belongs to the class SCp, ,(j, A, L, B).
Then

R=p+

(= m)1 ~ Grp G, P a7l DT, A7)
(m) p! (+p)!([p),—B) [1+a([p],~1)] il 1o p—m
<) < {(p — ot T TGP el A 2 12

(n€No, pjEN, LA>0,0<q<1,0<a<1,0<B<[pl,p>m).  (310)

Proof. From Theorem 1, we have

-+, — B0+ allj+p, ~ DI G+ pAD) o
G+ PPl — B +allp], — 1)) o

< (], — B)[1 -+ (K], — DI¥L, (kA ])
S ), =Pl - 1)

which evidently yields

ar <1,

(G +p)pl, — B[ +a((pl, —1)]

i k!ﬁlk <

. . . : (3.11)
k:]'er ([]+p]q_ﬁ)[1+“([]+p]q_1)]‘IIZIZ,P(]+p’A’l)
Now, by differentiating both sides of (1.2) m times, we have
Fm(z) = P! ZP=m — i sz_m (k>j+ € IN,p > m) (3.12)
= oo P TR >j+ppjENp , :

and Theorem 4 follows from (3.11) and (3.12), respectively.

Remark. Putting m = 0 and m = 1, respectively, in Theorem 4, we obtain Theorems 2 and 3,
respectively.
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4. Radii of p- valently close-to-convexity, starlikeness and convexity

Our results in this section (Theorems 5 and 6 and Corollary 5 below) provide the radii of
p-valently close-to-convexity, starlikeness and convexity for the class SCp, . (j, A, 1, , B) -

Theorem 5. Let a function f(z) in the form (1.2) belongs to the class SCy . (j, A, 1, a, B).
Then f(z) is p-valently close-to-convex of order 6 (0 < & < p) in the disc |z| < r1, where

1

—
} "k>j+ppieN0<g<1). (41

o =0 (K, B) (K, -1 (A
"= mf{ K], AT ra(pl, D]

The result is sharp with the extremal function f(z) given by (2.7).

Proof. From (1.2), we easily get

"(z © _
fp(l) —P' < Y kaglz7. (4.2)
z k=j+p
Thus we have
'(2)
];p—l —p‘ sP-o
if
¥ (555) mlbr<a,
k=j+p p—2o
that is, if

( K )|zr’”’ _ (K= B+ (i, 1)), 0 )

p—9 (], =B +a(lpl, -1
where we have made used the assertion (2.1) of Theorem 1. The last inequality (4.3) leads
us immediately to the disc |z| < r1, where r; given by (4.1), and the proof of Theorem 5 is
completed.

Theorem 6. Let a function f(z) in the form (1.2) belongs to the class SCy ,(j, A, 1, &, B).
Then f(z) is p-valently starlike of order 5 (0 < & < p) in the disc |z| < ry, where

1

—p
} "kZjtppieNO0<g<1). (44

(k=) (7], AL +a((pl,~ 1]

The result is sharp with the extremal function f(z) given by (2.7).

2 = inf { (p=8) (K, —B) 1 +a((Kl,~D]¥2, (kA D)

Proof. Making use of the definition (1.2), we have
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' &
Zf(z)—P‘Sk_]er 5 <p-9,
f(z) 1 Y ozl p
k=j+p
if
ad k—9o _
)3 (T(g) a |27 <1
k=j+p \P
that is, if

("‘—P) z|fp < W PRy VG, A s iy e N € Np,0<g<1), (45)

p—o (Iply—B) [1+a([p],—1)]
where we have also used the assertion (2.1) of Theorem 1. The last inequality (4.5) leads us to
the disc |z| < rp, where r; given by (4.4) and the proof of Theorem 6 is evidently completed.

Corollary 5. Let a function f(z) in the form (1.2) belongs to the class SCy; ,(j, A, 1, , B).
Then f(z) is p-valently convex of order 6 (0 < § < p) in the disc |z| < r3, where

1

—p
} ’ (k>j+ppjeNneNy,0<g<1). (46)

e — i J PO B[, D] ¥, (1)
3 =1 KE=0)([pl,—PIT+a([p],~ 1]

The result is sharp with the extremal function f(z) given by (2.7).

5. Modified Hadamard products

For the functions f,(z) (v = 1,2) defined by

fulz2) =20 = Y a2 (4, >0, v=12), (5.1)
k=j+p
we denote by (f1 * f2)(z) modified Hadamard product (or convolution) of the functions f;(z) and
f2(z) defined by

(ixf)z) =2 — Y agiarsz". (5.2)
k=j+p

Theorem 7. Let the functions f,(z) (v = 1,2) defined by (5.1) be in the class SC}; ,(j, A, I, &, B). Then
(f1x f2)(z) € SC;,(j, A Lo, B, y), where

_[ ] o ([/"‘P}q_[P]q)([P}q_ﬁ)2[1+“([P]q_1)]
V= \Plg T Gl BRI a (G pl, - D1, G pA D) —(pl,— AP+ a([p],— D]

(5.3)
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The result is sharp for the functions

B ([ply—=B) [1+a([pl,~1)]
fo(z) =2F - ([j+p]q—ﬁ)[1q+0¢([]'+P]q—1§]‘1’3,p(fﬂ")"l)

7P (v=1,2pjEN,nEN,0<g<1). (54)

Proof. Employing the technique used earlier by Schild and Silverman [35], we need to find the
largest <y such that

(K], —B) [1+a([k], D)L, (kAL )
2 9 [p]q H"“([p] _1)] a1k <1 (fu(z) € ch,q(]' AL, B), v=1,2).

Since fv( ) € SC;/q(], AL, B) (v=1,2), we readily see that
([l = )1+ a([k], = D]¥E, (kA D)

a., <1(wv=12). (5.5)
L ), plrap], -] e St=12)
Therefore, by the Cauchy-Schwarz inequality, we obtain
o (K —B) 1+ (K]~ 1)]¥; ,(kAD)
L G, P Va2 S 1 (5.6)
k=j+p
Thus we only need to show that
k|, — k], — . .
E[{P]]Zz)) 1k < M—g\/ﬂk,1ﬁk,z (k=j+ppjeN), (5.7)
or, equivalently, that
VAR < g >+ e e N) (5.8)
Hence, in light of the inequality (5.6), it is sufficient to prove that
(lply=B) [1+a((pl,—1)] (lplg=) (Kl;—=B)
P (], D, 640 = [, —p) (=) (K 21+ PP j €N). (59)
It follows from (5.9) that
([l [P]q)([ lg—B)[1+a(lpl,~1)]

v < [Pl — G prTRatl, O, A (), B, o)k 2 pp i €N) o (510)

—1
Now, defining the function G, (k) by
([K]y—[p]y) (plg—B)*[1+a([pl,—D)]

Ga(k) = [Ply — (W —pPIrati, 11, ®AD (7], FPal], 1] (5:11)
we see that G, (k) is an increasing function of k. Therefore we conclude that
o ([, 191, (1, — B2+, 1)
¥ < Goli+p) = Ply — qrp—ppmratio, O, GroAD e,y 012)
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which evidently completes the proof of Theorem 7.

Putting « = 0 and & = 1, respectively, in Theorem 7, we obtain
Corollary 6. Let the functions f,(z) (v = 1,2) defined by (5.1) be in the class Sy ,(j, A, 1, B). Then

(f1x f2)(2z) € S5 4(j, A1, y), where

[ ] ([/_'_p]q_[p]q)([p]q_ﬁ)z

Pl = vl 2¥5, Grp A )~ (o], P)?
The result is sharp.

(p,jeN,neNp0<g<1).

Corollary 7. Let the functions f,(z) (v ,2) defined by (5.1) be in the class Cy, ,(j, A, 1, B). Then
(fi* f2)(z) € Cpq(j, AL y), where

i fio ([j+pl,~ P, ([p], )
7= 1Py Pl (Pl B0, G+ p A~ [P, (P, P)>

The result is sharp.

}(p’] € N,Tl S NO/O < q < 1)

Using the arguments similar to those in the proof of Theorem 7, we obtain the following
result.
Theorem 8. Let the function f1(z) defined by (5.1) be in the class SC}, ,(j, A, L, a, B).

Suppose also that the function f,(z) defined by (5.1) be in the class SCa( A La,m). Then (f1 x
f2)(z) € SCp ,(j, A L, B, C), where

7 =[p] — (+ply=Iplg) (ply =) (Pl =) M +a(lp],—1)]
— Pl (+ply=B) G+ply—m) I+a(+pl,=DI¥G, (+p AL -O

(5.13)
where

Q= ([pl, - B)(Ip), — M1 +a(lp], ~ D). (5.14)
The result is the best possible for the functions

[ply—B) 1 +a([p],~1)]

( |
A1) =2 — e, g pan? | (P €N €N 0 <g <), (515)

and

([plg—m[1+a((p],~1)] ; .
fo(z) = 2P — (= 17)[1+a([7+pl]x p)] (].W/A/l)zﬁp (p,j € N,n € Np,0<g<1). (5.16)

Theorem 9. Let the functions f,(z) (v = 1,2,...,m) defined by (5.1) be in the class SC} . (j, A, 1, a, B).
Then the function

flz) =2V — i (f a%,vz"> , (5.17)
v=1

k=j+p
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belongs to the class SCP q(],)\ l,a, &), where

E=p — m([j+ply—[ply) (Iplg—B)*[1+a([pl,—D)]
= Plg ™ el - )2[1+0¢([7+P] —DI¥G, (i+p AL —m([pl,—B)* [1+a((pl,—1)]"

The result is the best possible for the functions f,(z) (v =1,2,...,m) given by (5.4).

(5.18)

Proof. Noting that

KA
e l,— B+ al], - 1) }“W

(
1)

o (([k, = B)L+a(k, - DY, (AD )°

Skég{ (], — B+ a(lp], — 1] ““}'

(fu(z) € SCp(j, A La, B), (v=1,2,..,m)), (5.19)

= {uﬂf—>u+au] )Y,
A W l,

we have

21 (KB, A P [
L E{ P, -1 } ( L “iv) =1 (.20
k=j+p ! ! k=j+p
Therefore, we have find the largest ¢ such that
(M,~8) _ (K~ B a((K],~1)]¥n, (kA
0,0 =~ (], PPara(pl, 1]

(k>j+ppjeN), (5.21)
that is, that

(K], ~ 171, ([P, ~B)[1-+a([p],~ D) | |
¢ < lPly — . —ppmram, 1%, A D —mp,- prra, ] K2 7P pjEeN). (522)

)
Now, defining the function ¥, (k) by

ol m([K],~[p],) ([pl, ~B)[1+a([p],~1)]
Plg — T, —priva(®, —01¥5,, (kAD) —m((p],~ pP L+ a([p], D]

¥y(k) =

(k>j+ppjeN). (5.23)
We observe that ¥;(k) an increasing function of k. Therefore we conclude that

o (471, [l (Pl B[ +([p],~)
&< ¥t p) = Iply = Gl —pPra ool 1%, p A -mlpl, AP Tralll, T

(5.24)
which completes the proof of Theorem 9.

Remarks. (i) Letting q — 17 in our results, we obtain new results for the class SC}(j, A, 1, a, B);
(ii) Putting n = 0 in our results, we obtain new results for the class SCy ,(j, a, B);
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(iii) Putting & = 0 and « = 1, respectively, in our results, we obtain new results for the classes SZ,q (j, AL B)
and C;,Z,q (j, A1, B), respectively;

(iv) (a) Letting g — 1~ and putting n = « = 0 (b) Letting g — 1~ and puttingn = 0and « = 1 in
our results, we obtain the results obtained by Owa [31] and Salidgean et al. [34];

(v) Letting g — 17 and putting n = 0 and p = 1 in our results, we obtain new results for the class

P(j, B)-
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